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Abstract 

Universal vector wave equations allowing for a unified description of anyons, and also 
of usual bosons and fermions in the plane are proposed. The existence of two essentially 
different types of anyons, based on unitary and also on non-unitary infinite-dimensional 
half-bounded representations of the (2-|-l)D Lorentz algebra is revealed. Those associated 
with non-unitary representations interpolate between bosons and fermions. The extended 
formulation of the theory includes the previously known Jackiw-Nair (JN) and Majorana- 
Dirac (MD) descriptions of anyons as particular cases, and allows us to compose bosons 
and fermions from entangled anyons. The theory admits a simple supersymmetric general- 
ization, in which the JN and MD systems are unified in = 1 and N = 2 supermultiplets. 
Two different non-relativistic limits of the theory are investigated. The usual one general- 
izes Levy-Leblond's spin 1/2 theory to arbitrary spin, as well as to anyons. The second, 
"Jackiw-Nair" limit (that corresponds to Inonii-Wigner contraction with both anyon spin 
and light velocity going to infinity), is generalized to boson/fermion fields and interpolating 
anyons. The resulting exotic Galilei symmetry is studied in both the non-supersymmetric 
and supersymmetric cases. 
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1 Introduction 



According to Wigner pT], elementary particles in the plane correspond to irreducible represen- 
tations of the planar Poincare group [2]. These are labeled by two Casimir invariants, nameljj^ 

{P^P^' + m')ij = Q, (1.1) 

(P^ J'^ - sm)^ = , (1.2) 

where m is the mass, s the spin, and is the "spin part" of the total angular momentum 
operator 

= -e^.xx'P^ + Jf,. (1.3) 

^A^, together with P^, generate the (2+l)D Poincare group El- 

For a spinless particle, s = 0, the second equation drops out and the Klein-Gordon equation, 
(jl.ip . is sufficient in itself. 

For a Dirac particle, or for a topologically massive vector gauge field of Deser, Jackiw and 
Templeton (DJT) |3j, i.e. for Poincare spins s = ibl/2ors = ibl, the Pauli-Lubanski condition, 
()1.2p . implies (jl.ip and provides, therefore, a satisfactory description. In the plane the spin can 
take arbitrary real values, however, and in the early nineties two, slightly different descriptions 
have been proposed for fractional-spin particles (called anyons [H EJ EJ El EJ [U [TOl E] ) - Both 
of them combine the half-bounded, infinite-dimensional, unitary, spin-ct representations, D^, 
of the Lorentz group [12] with a finite dimensional, non-unitary, "internal" representation. 

Choose, for example, D^, which carries an infinite-dimensional, bounded- from-below repre- 
sentation of the so(2, 1) algebra of the planar Lorentz group, with generators J^. Diagonalizing 
Jo, Jo\a, n) = (a + n)\a, n), with a > and n = 0, . . . , oo. 

Jackiw and Nair (JN) [13] combine this with the spin-1 representation of topologically 
massive gauge theory f3]. In fact, they consider the dual to the topologically massive gauge 
field strength vector F^[x), which transforms under the spin-1 matrices {j^)uX = A 
"Jackiw-Nair" wave function is, hence. 



F^^ = Y,Fii{x)\a,n). (1.4) 

n=0 

Their wave equation is the Pauli-Lubanski condition (jl.2p . with denoting the total spin 
[T3], 

Px{J^)n^.n'uFi:,-smFn^, = Q, J^ = J^^f, s = a-\. (1.5) 

This description is redundant, however, necessitating subsidiary conditions, which reduce the 
number of components from 3 to 1, and generate the mass shell condition |13] . 

An alternative description, proposed by one of us [H] and referred to below as the 
"Majorana-Dirac" (MD) approach, also uses the infinite dimensional discrete type representa- 
tions DJ, but the finite dimensional part is, rather, a spinor, 

oo 

'>p = ^ipn{x)\a,n) . (1.6) 

n=0 



^We took c = 1, so that our metric is (—1, +1, +1)- 

^The irreducible representations of the universal covering group of SO{2, 1) are, for finite-dimensional non- 
unitary representations, fixed uniquely by the values of the so(2, 1) Casimir operator Jp,J^ . Infinite-dimensional 
(unitary and non-unitary) representations require, in addition, to specify also the concrete series we are con- 
sidering. On the other hand, the representations of the Poncare group are labeled, in the massive case, by the 
Poincare spin that corresponds to the value of the Casimir operator P^^M^ jm — P^iJ'^ /m. 
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where the ^nix) are two-component spinors. The posited field equations are the planar Majo- 
rana equation |15j supplemented by the planar Dirac equation, 



{Pf.J^' - am)^ = 0, 



(1.7) 



m)ip = 



(1.8) 



where the 7^ are the planar Dirac (in fact Pauli) matrices. The total spin is still = + 
as in (jl.Sp . except for j'^ = — 7'^/2, which carry a spin-1/2 representation, so that s = a — 1/2. 
Note that in (ll.Th the total spin, JZ'^, has been replaced by the generator J^. 

The system of two equations eliminates the unphysical degrees of freedom, so that the 
system ()1.7p - (|1.8l) does not necessitate any further subsidiary condition. 

Both the JN and MD systems are shown to imply the Klein-Gordon equation, (jl.ip . and 
carry, therefore, an irreducible representation of the planar Poincare group. 

• Our first aim is to unify the two descriptions by replacing both of them by a suitable 
vector equation. 

To this end we use the vector set of equations proposed earlier in [16j . By analyzing the 
lowest/highest weight representations of so (2,1), we show that the vector set is appropriate 
not only to describe anyons and usual boson and fermion fields, but also provides us with an 
anyon interpolation between bosons and fermions of arbitrary spin values shifted by one half. 
Considering an extended formulation of the vector set of equations, we reveal that the Jackiw- 
Nair [13J and Majorana-Dirac [H] descriptions of anyons are incorporated in it as particular 
cases. By a kind of fine tuning, which results in a destructive interference, the extended 
formulation allows us to compose boson and fermion fields from entangled anyons. Both this 
possibility and the interpolation mechanism mentioned above rely on infinite dimensional non- 
unitary half-bounded representations of so (2, 1). 

• Our second objective is to construct a supersymmetric extension of the theory. 

We show that our basic vector set of equations admits a simple and natural supersymmetric 
generalization. The construction is based on osp(l|2) representations realized in terms of a 
special deformation of the Heisenberg algebra \17\ [T8[ [T9\ [20j . As interesting examples, we 
consider an A'^ = 1 supermultiplet that includes the Dirac spinor and topologically massive 
DJT vector gauge fields, and unify the JN and MD anyon fields into = 1 and N = 2 
supermultiplets. 

• Finally, two different non-relativistic limits are investigated both in the supersymmetric 
and the non-super symmetric cases. 

The first, usual, limit yields the Levy-Leblond theory for boson/fermion fields of arbitrary 
spin \21\ I22j . as well as its supersymmetric and anyon generalizations. Among particular 
examples, we consider the non-relativistic limit of a topologically massive vector gauge field. 

In the second, "Jackiw-Nair" non-relativistic limit [23^ I24j. spin and light speed both tend 
simultaneously to infinity in a special way such that the (super) Poincare symmetry is reduced 
to the exotic (super) Galilei symmetry [25 | [26 | \Tl \ [28] . 
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2 Wave equations 



Our starting point is to posit the vector set of equations 

V^^ = Q, V^,=jiP^-ie^^xP''J^ + mJ^, (2.1) 

where = — ic?^ and J^^ generates (2+l)D Lorentz transformations, [J^,Ju\ = —if-^vxJ'^- 
Such a system of wave equations was proposed before in [16j to describe anyons of mass m > 
and spin fi. 

Contracting dHJ with P^, J^' and -ie'^'^PuJx prod uces three equations, namely 

{fiP^ +mPj)i; = 0, (2.2) 
{{fi-l)PJ + mJ^)^l^ = 0, (2.3) 
(^p2j2 ^ _ pj)) ^ = . (2.4) 

If _^ = 0, these equations do not to fix the value of the (2+l)D Poincare Casimir operator P^. 
We suppose therefore that fi ^ 0- Then the system (|2.2p - (|2.4|) is equivalent to 

p2(p2^m2)^ = 0, (2.5) 
{fiP^ + mPj)'il; = 0, (2.6) 
{m'j'+fi{l-fi)P')i^ = 0. (2.7) 

It follows that the field ip satisfies either P'^ip = 0, PJip = 0, J'^^|J = 0, or 

{P'^ + m'^) tp = , (2.8) 
{PJ - i?m) V = , (2.9) 
{j^+fi{fi-l))4^ = 0. (2.10) 

The first case corresponds to the trivial representation of the (2+l)D Poincare group with 
= and c7/j = as seen in the frame P'^ = {p,p,0). Excluding this case, we assume 
henceforth that ip satisfies Eqns. ()2.8p - ()2.10p with / 0. Our vector system of equations 
implies, hence, the Klein-Gordon (|2.8p and the Pauli-Lubanski condition (|2.9p . The consistency 
of our vector equations p.ip then follows from 



[V^, Vu] = -^e^-A (mV'^ + P\PJ - fim)) . (2.11) 

When nontrivial solutions of (12. 1|) do exist, it follows that they describe an irreducible repre- 
sentation of the (2-|-l)D Poincare group with nonzero mass m and spin s = fi^. 

Our vector equations determine the representation of the spin part of the Lorentz transfor- 
mation; eq. (j2.10p fixes the value of the Lorentz Casimir. 

Taking into account Eq. (|2.8p and passing to the rest frame P^ = (em, 0, 0) where e = -|-1 
or —1, we find that our covariant vector equations, (|2.ip . are equivalent to two independent 
equations, namely to 

{Jo-efi)^P = 0, (2.12) 
{Ji-ieJ2)iJ = 0. (2.13) 



The spin zero case can also be incorporated into the theory, see below. 
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From Eq. (j2.13p we infer that for e = 1, J'^^ should belong to a representation bounded from 
below, and for e = —1 a representation has to be bounded from above 0. (It can also be 
bounded from both sides.) 

The universal covering group of the (2+l)D Lorentz group admits half-bounded unitary 
infinite-dimensional representations, namely, the discrete type series dune]. They are 
characterized by a diagonal operator and a highest (lowest) vector, 

D+ : Jo\a,n) = {a + n)\a,n) and (Ji - iJ2)\a,0) = , (2.14) 

D- : Jo\a,n) = -{a + n)\a,n) and {Ji + iJ2)\a,0) = , (2.15) 

where n = 0,1,.... The representations and D~ are related via the Lorentz algebra 
automorphism Jo — )• —J'o, J\ ^ Ji-, Ji ^ —J2- The Casimir operator takes here the value, 

j2 = -a(a-l). (2.16) 

These unitary half-bounded infinite-dimensional representations appear in most earlier 
works on wave equations for relativistic [l3[Il[l5l[ll[27l[29l[30l[3ll[32l[Ml[M] and non- 
relativistic [22l [27j anyons. 

The universal covering group of the (2-|-l)D Lorentz group admits also unbounded repre- 
sentations, namely, the principal and the supplementary continuous series. They only allow 
trivial solutions of the vector set of equations (j2.ip . and will therefore be discarded. 

The non-unitary (2j -|- l)-dimensional representations I)\ j = ^,1,..., characterized by 
(j2.16p with a = —j i.e., J^^ = + 1) Eli admits both highest- and lowest-spin states, 

& : Jo\jJ) = , {Ji - iJ2)\j, 0) = and {Ji + iJ2)\j,j) = , (2.17) 

where £ = + Hence, they also can be used in our equation. In this case, the 

vector equation describes usual bosons and fermions of arbitrary spin. 

Up to an unitary transformation, they are obtained from the spin-j representations of su{2), 
Jo = J^ Jk = J^ k = l,2, where [J^ j''] = ze"'"^ J^ a,b,c = 1, 2, 3. 

There is a third type of representation of so (2, 1) which plays an important role in our 
equations, namely half-bounded, infinite- dimensional non-unitary representations. These rep- 
resentations are characterized by relations of the form ()2.16p and ()2.14p or (j2.15p . with the 
parameter a in (j2.16p taking non-half-integer negative values, —a 7^ j = 1/2,1,.... They are 
denoted here by D^, 

bt ■■ Jo|a,n) =±(a + n)|a,n), ( ^ iJ2)|a, 0) = 0, -j < a < -j + 1/2 . (2.18) 

These representations describe anyons whose fractional spin interpolates between bosons 
and fermions. 

Occasionally, we will also use the unifying notation. 



( for Q > 0, 

for Q < 0, Q / -j, (2.19) 
for Q = —j. 



^Changing m — >■ —rn in (|2.ip together with intertwining representation bounded from below and above yields 
solutions of the same energy but of the opposite sign of spin . 



^We reserve the notation j to denote the (half-) integer values, 1/2, 1, 3/2, .. 



7 



Choosing in one of irreducible representations (j2.19p and putting 

fi = a, (2.20) 

Eq. (I2.10p is identically satisfied for all real a 7^ 0. 

Matrix representations of D^, and are considered, in a unified way, in Section [3] 
below; in Section [6] they are treated as Fock-like representations of a certain deformation of the 
Heisenberg algebra. 

In Section S] we describe explicit solutions of the vector set of equations with J'^ chosen in 
any of the three irreducible representations (12.190 . and with parameter fi coherently fixed by 
(|2.20p . In what follows we refer to such a realization of (j2.ip as a minimal one. 

An extended formulation, which combines several irreducible representations, will be con- 
sidered in Section [5l 

2.1 Examples: Dirac and Deser-Jackiw-Templeton fields 

The two simplest finite-dimensional representations are, 

• j = — a = ^, J'fj, = — when the linear differential equation ()2.9p reduces to the Dirac 
equation, 

{P-f-m)Tp = 0. (2.21) 
Conversely, our vector system (j2.ip is the Dirac equation (j2.2ip . multiplied by ^7^. 

• j = —a = 1, {J^)^v = —i^'^^fiu, when ()2.9p reduces to the equation for a topologically 
massive vector gauge field [3], 

(-ze\^P^ + m6^) i^'' = 0, (2.22) 

where we switched to the notation instead of F^, used in (II. 4p . Eq. (]2.22p implies 
the transversality condition 

P/.V'^ = , (2.23) 
that allows us to view the vector field as dual to the U{1) gauge invariant tensor, 

Conversely, the vectorial form (12. ip is obtained from (12.220 by multiplication by —ie^aX 
and addition to Eq. (|2.23p . multiplied by —6a- 

The values j = \ and j = 1 are exceptional in that in these cases (only) the linear differential 
equation (j2.9p . i .e (j2.2ip and ()2.22p . does already imply the Klein-Gordon equation, (j2.8p . This 
explains why, for |s| 7^ ^, 1, getting an irreducible representation of the Poincare group requires 
positing a vector set of equations for anyons, and for for usual fields of integer and half- integer 
spin with |s| = j, j > 1 H- 

®Any two of three equations (|2.ip generate the third one as consistency condition, see Section U] below; the 
complete set of three equations provides us with an explicitly covariant formulation. 
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2.2 Example: Majorana-Dirac anyon field 

Both the Dirac and DJT models are associated with finite dimensional representations. We 
can also combine them with fractional spin, however. Consider, in fact, the representation of 
the spin part of the Lorentz generators as 0, 

J>. = J>.-\l^.. J^.^D+, -^j^GD'/\ a / 1/2 , (2.24) 

and put 

fi= a -1/2. (2.25) 

Eq. ()2.10p allows us to infer, 

nV' = , where n = J7 + a . (2.26) 

The operator 11 is a projector : 11^ = {2a — 1)11. Multiplying (|2.25p from the left by the 
[on-shell invertible, cf. (j2.8p ] operator P7, we find that the field also has to satisfy 

TV' = 0, where T = PJ - aPj - A, A = ie^^xP^J^l^ ■ (2.27) 

Multiplication of ()2.26p by —A yields {{a — 1)T — A) ^ = 0, and we find, hence, that ip also 
has to satisfy the equation 

A^ = 0. (2.28) 

In the present case, Eq. (12. 9p reads (PJ — am) — ^{Pj — m)) ip = 0. Combining it with Eq. 
(j2.27p and taking into account Eq. ()2.28p . we find that our field ipj^, that carries an index 
n = 0, 1, . . . of the representation as well as a spinor index b, has to satisfy, separately, the 
(2 + 1)D Majorana and Dirac equations, 

{PJ - am)ip = 0, {P-y - m) ij = . (2.29) 

This system of two equations was proposed in [Ijj to describe (2+1)1) anyons; the corresponding 
field was called a "Majorana-Dirac field". 

It is easy to check that these two equations imply (|2.26p and (|2.28p as consistency (inte- 
grability) conditions. Moreover, we have the following remarkable property: the full set of four 
equations (|2.29p . (|2.26p and (|2.28p is generated by positing any two equations out of the four, 
(one of which should involve the mass parameter). It follows that the vector system (j2.ip . with 
(j2.24p and (I2.25P describes an irreducible representation of the {2 + l)D Poincare group of mass 
m and spin s = a — ^ 7^ 0. 

2.3 Example: Jackiw-Nair anyon field 

Similarly, consider now, 

J,. = J,.+jt., J,.^D+, {jf,)\ = -ie\^ e D\ a /I, (2.30) 

and 

fi=a-l, (2.31) 
for which the Pauli-Lubanski condition (j2.9p becomes, 

(P/, J^<5;i - kV^P^ - (q - l)m5^) V = 0, (2.32) 
^The assumed tensor product, J'^ — (Ei 1 — 1 <Ei |7m) is not indicated for the sake of notational simplicity. 
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that is the anyon equation put forward by Jackiw and Nair |13j n Eq. ^M) reads in turn 

[-ie\^J''-a6^:')i;'' = 0. (2.33) 

Now we turn to the subsidiary conditions in [T3]. Contracting ()2.33p from the left with J\ 
yields 

Jf^i^^ = . (2.34) 

Next, contraction with the vector Px produces (y—i€-^v\P^J^ ~ = 0; while contraction 

with —iexpfjPPJ^ produces an equation of the same form, but with the sign before a reversed. 
In addition to (I2.34p . the field also has to satisfy therefore, 

Pf,^P^ = 0, and e^,xP^r^/ = 0, (2.35) 

which are precisely the subsidiary conditions of Jackiw and Nair in Ref. [I'S] [^j. 
Contracting Eq. (j2.33p with ie^^xP'^ and taking into account Eq. (j2.35p . yields 

(^{PJ - am)6^ + a{-ie^f,uP'' + m6^)^ = . (2.36) 

Then, using Eq. (|2.32|) shows that Eq. (I2.33P splits the JN equation ()2.32p into a Majorana 
equation, supplemented with the DJT equation of a topologically massive gauge vector field. 
Note however that, unlike in the Majorana-Dirac case (I2.29p . imposing the pair of Majorana 
and DJT equations alone on ip"^ does not imply the condition (|2.33p that guarantees the irre- 
ducibility equation (|2.10p as well as the other necessary subsidiary conditions in ()2.35p . 

We shall see in Section [5] that Majorana-Dirac and Jackiw-Nair descriptions of anyon fields 
are included as particular cases into a broader, extended realization of our basic set of equations 

3 5o(2, 1) lowest/highest weight representations 

Now we discuss some aspects of the representation theory of so (2, 1), which will be used in the 
next two Sections to derive explicit solutions. This will allow us to see, in particular, how the 
non- unitary infinite dimensional representations (or D~) produce an anyon interpolation 
between bosons and fermions, and how bosons and fermions can be composed from anyons. 

Let J'fj_ generate the 50 (2, 1) algebra, [J'^,J'u] = —i^^yxJ"^- In terms of the ladder operators 
J± = Ji± iJ2, 

[J-,J+] = 2 Jo , [Jo, J±] = ±J± ■ (3.1) 

Eq. (j3.ip implies 

=2nJ]*-i Q(n-l)+Jo) , n = 0,1,2,.... (3.2) 

From now on, for the sake of definiteness, we consider the lowest weight representations 
built over the state |0), 

Jo|0)=a|0), J-\0)=0, (0|0) = 1, (3.3) 
*Both in (|2.32|) and in (|2.33p the index n of ■0^ has been suppressed. 

®The subsidiary condition (4.12a) of TIT is a hnear combination of (|2.34p and of the first equation from (|2.35|l . 
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where a is real V\ 

The non-normalized states 

|7r) = j;|0), n = 0,l,..., (3.4) 

are eigenvectors of Jo, 

J'ol'^) = (a + '^)|"') , (3.5) 
on which the so(2, 1) Casimir Cgp(2,i) = "-^o^ + + J-J^) takes the value 

Cbo(2,1) I^) = - 1)1^) • (3-6) 
From relations (j3.2p ~ (j3.4p it follows that the vectors |n) form an orthogonal basis, 

^ _ n-l 

(n |n') = bnn' C^n , C„,o = 1 , = ^'11 + k) , (3.7) 

fe=0 

where „ is a squared norm of \n). 

For a 7^ — j, j = 0, 1/2, 1, . . ., the numbers „ take nonzero values for any n = 0, 1, . . .; 
the corresponding representations are infinite-dimensional and irreducible. 

For a = —j, only the first 2j + 1 numbers ^ with n = 0, . . . , 2j take nonzero values, while 

^a,n — n = 2j + 1, 2j + 2, . . .. This happens if |n) = for n = 2j + 1, . . ., and then we 
have a (2j + l)-dimensional irreducible representation. 

There is also another possibility, though : the states |n) with n = 2j + 1, 2j + 2, . . . may be 
nonzero. Curiously, they have zero norm. 

We first consider irreducible representations, where no zero norm states of the form (|3.4p 
are assumed to appear, and then discuss how to treat representations with zero norm states. 

3.1 Irreducible representations 

To analyze the solutions of the wave equations, it is convenient to work with normalized states, 
denoted by |n), 

|0) = |0), iJ+m = {nlzlC^) In) = , (3.8) 



= v'(2a + n)(n-M). (3.9) 
Note that „ = Hfcld ^k^ ^f. ([321), and that 

Jo\n) = [a + n)\n) , J+\n) = C^\n + 1) , J.\n) = C^_^\n - 1) . (3.10) 
Due to the structure of the squared norm „, the following cases have to be distinguished. 

• For a = 0, we have Cg = 1 [C^ = 0, n = 1, . . .], yielding the trivial one-dimensional 
spin-0 representation, J^|0) = 0. 

• where a > 0. The coefficients „ are positive for any n. The |Ti) — (^Q,n) jn) 
are just those \a,n) in (j2.14p . and satisfy the orthonormality relation (n\n') = 5nn' ■ This 
corresponds to the infinite- dimensional unitary half-hounded representations. 



'^''Highest weight representations can be analyzed in the same way and can also be obtained directly from the 
lowest weight representations via the Lorentz algebra automorphism Jo — >■ — Jo, J± J^- 
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• & with a = — j, a negative (half) integer. We have both a lowest weight vector, i7-|0) = 
0, and a highest weight vector, Jj^\2j) = 0; the coefficient in ()3.10p vanishes. This 
is the usual {2j + 1)- dimensional non-unitary representation. 

By (j3.9p . the coefficients Cn \ n = 1, . . . , 2j — 1, are imaginary. Put 

C-^ = iC'-\ C'-^ = V(2j-n)(n + l). (3.11) 

Making use of the so(2,l) commutation relations, one finds that the states |n), n = 
0, 1, ... , 2j, satisfy (n|n') = (— l)"(5nn'- The corresponding metric in the vector space , 

r^nn' = diag (1, -1, . . . , {-if), (3.12) 

is indefinite, consistently with the non-unitary character of such representations. Re- 
defining the generators as J± — )■ ^ij± yields, instead of (|3.10p . 

J+\n) = C'-^\n + l), J^\n) = -C'-\\n - I) , (3.13) 

where C'n'' is given by (|3.1ip . Such redefined operators Jj^ and are mutually conju- 
gate, {^\J+^)* = {^J-"^), w.r.t. the indefinite scalar product (*,^') = ^n^", = 
^*^'nkn, where = (n|<I>), and matrix f} is given by (|3.12p . while {^\Jo^)* = {^\Jo^). 

• with a negative such that a ^ —j. In this case the „ alternate. This corresponds 
to the infinite- dimensional half-bounded non-unitary representations. 

Let us discuss this case in some detail. For 

-j<a<-i + i, i = 1/2,1,3/2,..., (3.14) 

all coefficients (j3.9p are nonzero. Those with index n < 2j have an imaginary factor i, 
while those with n > 2j are real. The metric is indefinite, 

W = diag (1, -1, . . . , i-lf', (-1)2^ (-l)2i . . .) . (3.15) 

In the first {2j + 1) positions the metric alternates as in the finite-dimensional represen- 
tation , and after that it takes the same (constant) value (—1)^-' up to infinity. 

Both the finite and infinite non-unitary representations can be considered in a unified 
way by putting a = — (j + e) in (j3.10p . Redefining J'± — )• ±ij'±, we get 

Jo\n) = {-j-e + n)\n), J+\n) = C'-^^+'^\n + l) , J.\n) = -C'-_^t'^\n-l) , (3.16) 
where, 

C;-(^'+^) = x/(2(j+6)-n)(n+l). (3.17) 

Here the parameter — 1/2 < e < interpolates between —1/2 and 0, which correspond to 
the finite dimensional representations D^^^^^ and , respectively. 

In all the described cases, the structure of the metric is consistent with the properties of 
the „ in (13771) . 
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3.2 Representations with zero norm states 

Consider now the infinite- dimensional representation with a = — j, which we denote here by 
D^j. The necessity to treat such pecuhar representations comes from their appearance in the 
extended reahzation which will be considered in Section [5l 

The representation D^j is characterized by the presence of an infinite number of zero norm 
states of the form (j3.4p with n = 2j + 1 + k, k = 0,1, . . .. In such a representation, there is a 

peculiar zero norm state \2j + 1) = which by and 1^ satisfies 

J_|2iTl) =0, Jo\2i+l) = {j + l)\2i+l). (3.18) 

Due to (|3.18p . the infinite set of zero norm states \2j + l + k) = Jl\2j + 1), k = 0,1..., 
span a space invariant under the action of so(2, 1), i.e., these states form an irreducible infinite- 
dimensional null subspace which we denote by ^j+i- All the infinite-dimensional representation 

D^j spanned by the states (13. 4p with n = 0, 1, . . ., is, therefore, reducible. 

Notice that the invariant null subspace T^j^^i may appear here because the value 
— (— j)((— j) — 1) = — — j of the Casimir operator (j3.6p at a = —j admits, by (|3.18p . 
also the alternative factorization, —j'^ — j = — (j + l)((j + 1) — !)• 

Since the zero norm states \2j + l + k), k = 0,1, . . . are orthogonal to all states |n), n = 
0, 1, . . ., we can work with equivalence classes, viewing I'f) and I'f) -|- \ip) where |^') G D^- 
and 1^) G Vl^, as equivalent 0. In particular, we consider any state \^) equivalent ^t"he 

zero state. In such a way, we reduce the peculiar infinite-dimensional representation D^j to 
the (2j + l)-dimensional non-unitary irreducible representation described above, i.e., we get 

4 Solutions of the wave equations. Anyon interpolation be- 
tween bosons and fermions 

Having in mind the three essentially different types of irreducible representations, we analyze 
first the solutions of our vector system in the minimal realization fl = a, assuming that the 
wave function carries irreducible representation P^, whose type is defined by the value of 
the parameter a. 

The wave function in (12. ip can be decomposed into partial waves, 

r 

iP{x)=J2Mx)\n), (4.1) 

n=0 

where r = oo for the representations and Z?^, and r = 2j for the finite-dimensional 
representation {a = — j). 

Having chosen an irreducible representation, ()2.10p is satisfied identically. The three equa- 
tions in (12. ip are not independent: choosing any two of them, the third one follows as a 
consequence. 

^^Mathematicians call a "Verma module". 
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It is convenient to choose equations (j2.ip with /u = 1, 2. Their complex hnear combinations 
V±ip = 0, V± = Vi i: iV2, give then the system of two equations 

[ia-Jo)P+ + im + Po)J+]ij = 0, [{a + Jo)P^ + im-Po)J^]^ = 0, (4.2) 

where P± = Pi it iP2. Consistently with (j2.1ip . these two equations generate the one with 
^ = as an integrability condition, 



aPo + mJo + \{P-J+ - P+J-) 



il) = {). (4.3) 



With gH), <^M) and (fXTO]) . from jO]) we get the equivalent system 

\ArT2^(m-P°)Vn-\/^^P+V'n+i = 0, (4.4) 

V^5T2^P-?/'n + \/^^(m + -P°)V'n+l =0. (4.5) 

Then some algebraic manipulations yield the component form of Eq. (j4.3p . 

1 



(aPo + m{a + n)) ^„ + - i^yj {2a + n - l)n P^^n~i - V(2a + n)(n + 1) P+V'n+i j = 0. (4.6) 

Eqns (14. 4p . (14. 5 p are conveniently analyzed in the momentum representation. For positive 
energy, P^ > 0, the operator P*^ + m 7^ is invertible. Then (|4.5p allows us to write all partial 
wave components V'n in terms of V'o- From (14. 5p one obtains, first, 

^n+l = -^^^Tx5^^n, P°>0, (4.7) 

Vn + 1 P*^ + m 

and then iteratively, 

'^n = Vc'n ( \ V'O , (4.8) 



po + 

^^^ 2.(2a + l).. (2a + n-l) 

n! 

where B{x,y) = r(x)r(y)/r(x + y) is Euler's beta function. 

Note for further reference that if 2a is a negative integer, then the coefficients C„ vanish 
when n > 1 — 2a : the infinite tower of the ip^s terminates, and the representation space becomes 
finite dimensional. Alternatively, the beta function in (j4.9p has poles at negative integers. 

The mass-shell condition follows from Eqns. (|4.2p . and so the component ipQ has the form 



4,0 = C 5(P° - \/p 2 + ^2) S{P-p), (4.10) 

where C is a (normalization) constant and p is the momentum of the state. 

Similarly, for negative energy, P*^ — m is invertible, allowing us to express ^pn in terms of 

i^n = Vn+1, P° < 0. (4.11) 

Vn + 2a m- P^ 

All components can be expressed in terms of the highest spin state component. The highest 
spin state exists, however, only for the finite dimensional representations , in which case 
/3 = a = —j, and we get 



/ 2j(2j-l)...(2j-n + l) f P^ , 
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where 

= C6{P° + ^/pT^)6{P -p). (4.13) 

Let us now analyze the positive-energy solutions given by Eqns. ()4.8p . ()4.9p . (j4.10p . In 
the rest frame p = 0, only the lowest component ipo is nontrivial. For p^O, every subsequent 
component includes an additional kinematical factor P^/{P^ + m). 

For the infinite dimensional representations (and in the generic case of non-unitary 
representations D^), the numerical coefficient C„ is of order 1 when n tends to infinity. 

However, in the case of non-unitary representations D'^ with a close to a negative 
(half)integer j, the nature of coefficients (j4.9p is essentially different. When a, supposed to 
satisfy the relation (|3.14p . tends to —j from above, the first coefficients with n = 1,... ,2j 
tend to the values of those that correspond to the finite dimensional case . In particular, 
C2j ~ J + a — ?• when a — )• —j. In such a case, all higher components are suppressed by the 
same factor (j + 0. 

With this picture, having also in mind the metric described in Section 13. H we conclude 
that the infinite- dimensional half-bounded non-unitary representations interpolate between 
boson and fermion states of positive energy. This is what corresponds, intuitively, to an anyon. 

It is worth noting that when a is between -j and -j + ^, j = 1/2,1,3/2 cf. (I3l4]) and 
approaches —j -\- ^ from below, the structure with Poincare spin s = —j -\- ^ is recovered : it 
is described by the finite-dimensional non-unitary representation D^^^^"^ and by the indefinite 
metric ()3.12p . with j changed into j — 1/2. 

The spin zero case fi = a = 0, excluded so far, can be incorporated as the limit a — )• of 
J^,G Da, fi = a <0. 



5 Extended formulation. Bosons and fermions from anyons 

In the general case can be taken as the sum of the generators of the (2 -|- 1)D Lorentz 
group in representations that correspond to the series D^, D^, and to . The examples 
of Majorana-Dirac and Jackiw-Nair anyon fields considered in Sections 12.21 and 12.31 are just 
particular cases of such an extended formulation (or, realization) of the vector set of equations. 
Taking, for simplicity, just two representations, 

J^' = J^ + J'^^ = -a(a-l), J'^ = -a' {a' - I) , (5.1) 

and put 

fi=a + a' (5.2) 

where, for a finite-dimensional representation, the parameter a and/or a' is — j, and (15. 2p such 
that fi^O. Then Eq. ([230]) transforms into 

{JJ' + aa')'ip = 0. (5.3) 

Eq. ()5.3p is a non-dynamical, subsidiary equation for the field ip [which carries two indices not 
shown explicitly]. It, in turn, implies that our composite system (15. ip . (15. 2p carries an irre- 
ducible representation of the so(2, l)-spin fi = a + a' , consistently with Eq. (|2.10p . This means 
that the extended formulation, in fact, recovers the previously considered minimal realization. 
It provides us, however, with a new possibility: in this formulation usual boson and fermion 
fields of arbitrary spin can be composed from anyons. 

Before considering concrete examples, some general comments are in order. 
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• The operator of the non-dynamical equation (j5.3p commutes with the total vector spin 
generator Solutions of (I5.3P then can be given by the eingestates \k) of the compact so(2, 1) 
generator Jo = Jo + Jq, Jo\k) = {fi+k)\k), k = 0, . . presented as a certain linear combinations 
of the simultaneous Jq and Jq eigenstates, |n)|n'). Particularly, the state |0) = |0)|0') is a 
solution that satisfies relations of the form ()3.3p with a changed into fi = a + a' [ for the sake 
of definiteness we assume here that G Pj, G ^a']- commutes with the scalar operator 

J J' + aol = — Jo Jo + ^{J+J- + J-J+) + CKCt'; all other solutions \k) of Eq. (j5.3p are obtained 
therefore by subsequent application of J^ to the lowest weight state |0) cf. Section [31 

For J^ £ and J'^ £ , Eq. (j5.3p singles out irreducible finite dimensional representation 
f)j+j\ 

For j? 7^ —j, Eq. (j5.3p separates an irreducible bounded from below infinite dimensional 
representation of the unitary or non-unitary type depending on > or j? < 0. 

When jj = —j and at least one of the so (2, 1) spins is in an infinite dimensional represen- 
tation, Eq. (j5.3p gives a reducible representation D^j with invariant infinite dimensional null 
subspace T^j^^i ■ As it is explained in Section 13.21 working modulo zero norm states \ip) G P+^p 
solutions of ()5.3p gives rise to the irreducible finite-dimensional non-unitary representation 

As a result, the solution of the vector system of equations in the extended formulation, for all 
possible choices of the so(2, 1) representations in (jS.ip is reduced to the minimal realizatior@. 

• When Jfj^ is composed as in (j5.ip . the vector set of equations (j2.ip splits, for each Lorentz 
index, into two vector sets. 

Consider, for instance, G -D^, £ , assuming, as in the Majorana-Dirac and Jackiw- 
Nair cases, ^^M\i and (fZ^SOj) . that j? / 0. In the rest frame the system (f2T2]) - (f2l3]) becomes 

{{Jo-ea) + iJl, + ej))^P = 0, (5.4) 

(( Ji - ieJ2) + {J[ - ieJ'^)) = . (5.5) 

Eq. ()5.5p has nontrivial solutions if and only if ( Ji — ieJ2) ip = Such a solution, proportional 
to the lowest state |a, 0) for the representation D^, is nontrivial only for e = +\. Then Eq. 
()5.5p splits into 

( Ji — iJ2) i/j = , and ( j( — i J2) tp = , 

splitting Eq. (15. 4p into 

(Jo — a) -0 = , and ( Jq + j) ip = . 



Then one finds that a solution of (j2.ip has to be a simultaneous solution of two sets of equations 
of the form (12. ip . in one of which is G D^, and in the other is G -D-'. The 
corresponding solution has positive energy, mass m and spin s = a — j ^ 0. This means that 
the system of equations, 

yW^ = 0, V/^'ip = 0, JJ' + aa=0, (5.6) 

is equivalent to (12. ip with = a-|-a'. In other words, spins simply add. This additive property 
allows us to create particles of spin fi built from one of spin a and another one of spin a' . 
Intuitively, the non-dynamical constraint (15. 3p "entangles" the component systems. 



^^The spin zero case s = is incorporated into the extended formulation via a limit — >■ if representations 
in (|5.ip are chosen in such a way that —1/2 < fi < 0. 



16 



In the Majorana-Dirac and Jackiw-Nair examples discussed in Section [2l the entangling 
equation (I5.3p takes the form (I2.26|) and (I2.33p . respectively. 

• Choosing in a unitary infinite-dimensional representation with non-(half)integer 
a, and in a finite-dimensional non-unitary representation in such a way that fi = a — 
j < 0, the resulting irreducible representation is an infinite-dimensional half-bounded non- 
unitary representation of so (2, 1). Such infinite-dimensional non-unitary representations belong 
to the Majorana-Dirac an Jackiw-Nair descriptions, no attention was paid to the corresponding 
interpolating anyons, in the original References ^13| [T^ though. 

• The choices G D^, J'^ G D'^, or e D'^, , provide us with another interesting 
case : if the parameters a and a' add up to a negative (half)-integer fi = —j, our extended 
formulation, based on two half-bounded infinite-dimensional (i.e. anyon-like) representations, 
describes a usual relativistic finite-component field of spin j. In particular, from two anyon- 
like representations given by a = a' = —1/4 [considered below], the extended formulation 
reproduces the theory of the Dirac particle with spin s = —1/2. 

Examples 

Consider some representative particular examples. 

• Let J^, J'^ e D^/^ , a = a' = -1/2, fi= -1. The solutions of Eq. ([53]) are 

|0) = |0)|0') , |1) = i= [|0)|1') + |1)|0')] , |2) = |1)|1') . (5.7) 

They are eigenstates of J^o with eigenvalues —1,0 and -|-1, respectively, and satisfy the relations 

J_|0) = J+|2) = 0, J+\0) = iV2\l), J+\l) = iV2\2), (5.8) 
(n|n') = (-l)"<5nn', n,n' = 0,1, 2, (5.9) 

[where we have used Eq. (j3.9p ] which correspond to the representation D^. The vector set of 
equations (|2.ip describes, in this case, a topologically massive vector gauge field of mass m and 
spin s = — 1, which can be treated as composed of two massive particles of spin s = —1/2 each. 

• Let us take (J^)^j. = -ie^^J,u e D'^, a = -1, J'^ = -^7^ G D^^"^ a' = -1/2, and 
fi = —3/2. This corresponds to the Rarita-Schwinger field of spin s = — 3/2|^. Having in mind 
the splitting of our vector equations, we find that the vector-spinor field [spinor indices are 
not display explicitly] satisfies the Dirac and DJT equations, supplemented with the entangling 
equation (|5.3p . 

(P7-m)V'^ = 0, (5.10) 
(-ie^^Ai^'' + m5^) = , (5.11) 

(ie^A7" + <5^)V'^ = 0. (5.12) 

Taking into account the identity 'j/j.^u = —r]^u + ie^i/AT^i simple algebraic manipulations show 
that the system ()5.10p - ()5.12p is equivalent to the Rarita-Schwinger equations 

(P7-m)^'' = 0, 7^V''' = 0. (5.13) 

^•^The chosen representation for a = — 1 difTers from the matrix representation of Section [3] by a unitary 
transformation, see Eqns. HA.14|) . (|A.17|) and (|A.16|) in Appendix lA. 21 
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Thus the system ()5.13p generates, m itself, the DJT, and also the entangling, (j5.12p . equations. 
Notice a similarity between the second equation in (I5.13P and Eq. (I2.34p . 

• Consider now the case G Z)^^^^, J'^ G D^-^^^^, a = ol = —1/4, = —1/2. The two 
lowest normalized eigenstates of Jq are given formally by the same relations as in (j5.7p . It should 
be remembered, though, that the states which appear on the right hand sides of the relations 
belong to two copies of the infinite dimensional representation D^^j^. The normalization 
is given by the indefinite metric described in Section [3l These states |0) and |1) have Jq- 
eigenvalues —1/2 and +1/2, respectively, and satisfy the relations 

= (-If^nn' , n,n' = 1,2, J+|0)=i|l). (5.14) 

Application of the ladder operator J7+ to |1) does not annihilate it, but produces a zero- norm 
state, 

J+|l) = [|0)|2') + |2)|0')] + i|l)|l') = ^ , r2|2~) =0, 

which is orthogonal to |0) and |1), and is annihilated by J-. 

Other solutions of Eq. (j5.3p are obtained by applying, subsequently, Jj^ to the state |2), 
which, together with the latter, span the null space T^^^2 ■ Factoring out the states \i~p) G T^X% ' 
we get the two-dimensional non-unitary representation D^l"^ . In such a way two anyons of 
identical so(2, 1) spin —1/4, yield, in our extended realization, a fermion field of spin —1/2. 
By this reason, in our picture, these anyons can be called semions. 

The picture we have just described can be reinterpreted in the following way. Consider 
a pair of positive energy states (particles) with Poincare spins —1/4. Separately, each such 
particle can be described within the minimal realization with G D^^^^, fi = a = —1/4. 

The wave function of each particle picks up a phase, e"*'^/^ = —i, under a 2tt spatial rotation 
generated by Jq, and the system can be interpreted as a pair of semions. 

When switching to the extended formulation with G D^-^^^, J'^ G D^^^^, a = a' = 
— 1/4, fi = —1/2, the vector system of equations splits, as discussed above, into two vector 
systems of equations, each describing a semion field. These two fields are not more independent, 
however. The vector system implies the non-dynamical equation (15. 3p that guarantees the 
irreducibility of the Poincare representation realized on our composed, two-semion system. 
This equation introduces a kind of entanglement between the two semion states, that provides 
us, as a result, with a spin s = —1/2 fermion. Each independent semion is described by 
an infinite-component field in a frame different from the rest frame [with higher components 
suppressed by a kinematical factor, see Eq. ()4.8p ]. Equation ()5.3p then introduces a kind 
of destructive interference between the semion wave functions, with an infinite number of 
components associated with the null subspace, with the exception of two surviving independent 
wave components, which, due to the entanglement, describe a two-component positive-energy 
fermion state. 

Notice here that if we choose instead two unitary infinite dimensional representations, G 
^+1/4' ^ -^+1/4 5 = ck' = +1/4, = +1/2, our vector set of wave equations would describe 
a positive-energy particle of mass m and spin +1/2. Although its wave function picks up a 
phase —1 under a 2tt rotation, we do not get a usual fermion, since its wave function has infinite 
number of components when p^O, cf. the previous Section. Anyons described by the unitary 
representations D^^^^ can not be referred to, therefore, as semions 0. 



*The name 'semions' cannot be applied therefore to the supersymmetric system constructed in [30] , based on 
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In the same way, if we add two spins corresponding to infinite dimensional anyon repre- 
sentations such that a + a' = fi = —j, we can treat the resulting boson or fermion field as 
composed of two anyons. 

• Finally, we consider shortly another particular interesting case, S -^1/2' "^m ^ ' 
a = 1/2, a' = —1, fi = —1/2. In our framework, it describes a usual fermion field 1^. 

According to Eq. (|3.9p . the nonzero coefficients are Cq^ = Cf ^ = iV2, and =n + l. 
The —1/2 and +1/2 eigenstates of Jo are 

|0) = |0)|0') and |1) = J+|0) = |l)|0') + i\/2|0)|l'), (5.15) 

which satisfy the relations (j5.14p . The lowest zero- norm state is given by 



J+|l) = 12) where 



|2)|0') + iV2|l)|l')-|0)|2') . (5.16) 



J-\i) = 0. Higher zero norm states of the null subspace ^^jyg are produced by applying the 
ladder operator Jj^ to |2). 



6 Deformed oscillator representation of 05p(l|2) 

To get a concrete realization of the supersymmetric extensions of our model we shall discuss 
later, we use the reflection-deformed Heisenberg algebra (RDHA). The latter was (implicitly) 
introduced by Wigner |17j and led subsequently to parastatistics [18j, that condensed, finally, 
into QCD color [19]. To make our discussion self-contained, we outline below those represen- 
tations of the RDHA which are necessary for our purposes. See Ref. |20l[^ for more details. 
Let us consider the reflection-deformed Heisenberg algebra of the harmonic oscillator 

[a- ,a+]=l + uR, R^ = l, {a^,R} = 0, (6.1) 

where is a real deformation parameter and R is the reflection operator, R = (-1)-'^ = 
exp(i7rA/'). The number operator 

M=^{a+,a-}-^{iy + l), [AA,a±] = ±a±, (6.2) 
defines the Fock space, 

T = {\n),n = 0,1,2,...}, J\f\n)=n\n), (6.3) 
where |n) = C„(a+)"|0), n = 0, 1, . . . , a" |0) = 0, (0|0) = 1, 

n 

Cn = i[nl\r'/\ [0]J = 1, [n]u\ = Yl[l]., n>l, [Z], = / + -(1 - (-1) ^ . (6.4) 

1=1 

The explicit form of the coefficients (j6.4p indicates that for v > —1 the algebra has infinite- 
dimensional, parabosonic-type unitary irreducible representations; for negative-odd values 

the two infinite dimensional representations D^-^^^^ and D^^^^ ; the term 'quartions' used ahernatively seems to 
be more appropriate. 

^^This case formally corresponds to the Jackiw-Nair scheme, no attention was paid to it in |13) . though. 
^^In the context of quantum mechanical supersymmetry this algebra was used in [321I35| . 
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V = — (2r + 1), r = 1, 2, . . ., it has (2r + l)-dimensional, non-unitary parafermionic-type rep- 
resentations, see belowllll- For v < v ^ — (2r + 1), it has infinite dimensional non-unitary 
representations of the type. 
The quadratic operators 



Jo = ^{a+,a"}, J± = Jx±iJ2 = \{a^?. (6.5) 



/^a = ( " t-° , i ° ° ) , a = 1,2, (6.6) 



together with hnear operators 

\/2 ' \/2 

generate the osp(l|2) superalgebra, 

{J,..Jv\ = -ie^,,xJ^ . (6.7) 

A} = 4i( J7)afe , [J"/., /:a] = ^(7M)a''A ■ (6.8) 

The Lorentz operators are even, and La are odd supercharges with respect to a Z2-grading 
provided by the reflection operator, [i?, Jy\ = 0, {R, Ca} = 0. The (2 -|- 1) dimensional Dirac 
matrices are in the Majorana representation, 

(7V = -(^2)a', i7\' = ^i<^l)a', {l^)a' = ^{^z)a\ (6-9) 

which satisfy, 

(7^)a^(7.)p' = -^M-ea' + ieM-A(7')a', 7a^6 = iL <l = -<b- (6-10) 

The antisymmetric tensor, e"^ = — e''" (e^^ = 1), plays the role of a spinor metric, rising and 
lowering indices. A"" = e°'^Ab, Aa = A^eba- The scalar product has the property A°'Ba = —AaB"" 
for any spinors Aa and Ba- Then the Lorentz generators can be written as 

= J^''(7/.)a'A , /x = 0,l,2. (6.11) 

The representation of osp(l|2) built in this way is irreducible, characterized by the super- 
Casimir operator 

C = J^J^ - '-rCa = ^(1 - y^) . (6.12) 

The representation of the Lorentz subalgebra is, however, reducible, due to super symmetry. 
This is reflected by the eigenvalues of the Casimir of the Lorentz subalgebra, 

J^.J^' = -a{a - I) with a = ^{2 + u)-^R. (6.13) 
The irreducible components are obtained by projecting to the eigenspaces of i?, 

RJ'± = ±T±, (6.14) 

jr^ = ||n)+ = |2n),n = 0,1,2,...} , = {|n)_ = |2n + l),n = 0,1,2,...} . (6.15) 



^^The Fock space construction here is similar to that in Section[3l We refrain from repeating similar technical 
details related to the appearance of null subspaces a,t u — — (2r + 1). 
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On these subspaces, the so (2, 1) Casimir (j6.13p takes the values 

J^lJ^^± = -a±{a± - l)F± , where a+ = ^-^-^ , a_ = a+ + ^ . (6.16) 
The irreducible representations of the Lorentz algebra are extracted by the projectors, J-± = 

jW=J-^n±, [j<±),j(±)] = -ie^,A^f), [j(+),j(-)]=o, (6.17) 

jWj(±)m = _ l)n± , (6.18) 

n± = i(i±i?), n| = n±, n+n_ = o, n+ + n_ = i. (6.19) 

The representation of in (j6.5p is therefore a direct sum, J-^, = J^+) + 4 \ Consistently 
with ()6.5p and ()6.2p , has eigenvalues n + a± , 

Jo|n)± = (n + a±)|n)±, |n)± € J-± . (6.20) 

For future use, it is convenient to introduce the shifted number operator, 

N = ^0 — o ; N|n)-|- = n|n)± , a\n) ± = a±\n) ± . (6-21) 

The ladder operators J± = Ji± iJ2 act as 

J+|n)± = Cnn + l)±, J_|n)± = C^±Jn-l)±, \n)±eF±, (6.22) 

C^± = V(2a±+n)(n + l), (6.23) 

cf. (13. 9p . The rising/lowering operators interchange the and T- subspaces, : -H- 



o+|n)+ = A/2(n + 2a+) |n)_ , a+|n)_ = A/2(n + 1) |n + 1)+ , (6.24) 

a~|n)+ = \/2n |n — 1)_ , a^|n)_ = \j2{n + 20+) . (6.25) 

On the subspaces T± the so (2, 1) spin is shifted by 

a--a+ = l/2; (6.26) 

it is therefore legitimate to interpret the as odd supercharges. 

The deformed oscillator provides us with infinite-, and also finite, dimensional representa- 
tions of osp(l|2). Observe that, in ()6.24p and (16.251) . the coefficient n -|- 2a+ vanishes when n 
takes the value n = — 2a+ = —(1 -|- J^)/2. This happens for odd-integer negative values of the 
deformation parameter, v = — (2r -|- 1), r = 1, 2, . . . , for which n = r. Then the Fock space 
becomes finite, 

^ = {|0),|l),...,|2r)} = (6.27) 
J-+ = {|0)+ = |0), . . . , |r)+ = |2r)} , T = {|0)_ = |1), . . . , |r - 1)_ = |2r - 1)} . 
These spaces are characterized by the equations 

a-(2r+i) ^ a+(2r+i) ^ ^-|q^ ^ ^+^2r) = 0, dim (J^) = = 2r + 1. 
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The spins carried by the subspaces J-+ and are = — r/2 and a_ = — r/2 + 1/2, respec- 
tively. 

For v > —1, the spectrum of J^q is positive definite and bounded from below, and the spin 
a± takes only positive values. This produces the discrete series D^^ of so (2, 1). Every series 
is generated by the operators (j6.17p . The discrete series bounded from above, D^^, of the 
Lorentz algebra are obtained by the external automorphism (i7o, Ji, 1/2) {—J^^Jx^—Ji)-, 
and projection to the corresponding subspaces T±. 

For V < V ^ — (2r + 1), the RDHA provides us also with infinite dimensional half- 
bounded non-unitary irreducible representations of 50 (2, 1). 

For the finite dimensional representation, the operators and a~ are conjugate, 
(^',a~$)* = ($,0+^), w.r.t. the scalar product, 

= ^„ = ^**^77fc„, (6.28) 

provided by the matrix f] = dmg(+l, —1, —1, +1, +1, . . . , (—1)'', (— l)*"), where <I>" = (n|$). 

The two simplest examples of finite-dimensional representations of the reflection-deformed 
Heisenberg algebra (|6.ip . namely those of a+ = —1/2, a_ = 0, and of a+ = —1, q_ = —1/2, 
are summarized in the Appendix. 

Note that for = — 1, the algebra (j6.ip has a one-dimensional trivial representation, in 
which R = \ and = 0. This corresponds to the spin-0 representation of so(2, 1). 

The algebra (16. ID admits a nonlinear realization [36], 

a+ = Jl + a+fl+ + a+n_ , a~ = ,/l+ a~n_ + a~n+, (6.29) 

V V AA + 1 

in terms of the usual, non-deformed Heisenberg algebra of a bosonic oscillator, 

[a" , a+] = 1 , [A/", a=^] = ±a=^ . (6.30) 

Here H = d^a~ is the number operator, and fl± = ^ (l ± Rj , R = (-1)-'^, are projectors, 

[i?, a^] = 0. Consistently with ()6.29p and ()6.2p . the number operators of the deformed, (j6.ip . 
and the non-deformed, (|6.30p . algebras coincide. A" = J\f. 



7 = 1 supersymmetric generalization 

Having written the various spin cases in a unified form, now we proceed to unify them into a 
supersymmetric theory. Consider in fact the following modification of Eq. (j2.ip . 

V^^'^^ix) = , = aP^ - ie^uxP^J^ + mj^ . (7.1) 

Here is the direct sum of irreducible representations of 5o(2, 1), and a is not more a c- 
number, but a (diagonal) operator, which takes the corresponding so (2, l)-spin value, a, on 
each so(2, l)-irreducible subspace, 

J,J^ = -a{a - 1) , (7.2) 

cf . Eq. (j2.16p . The vector system (I7.ip yields equations of the form (I2.8p ~ (j2.10p with fi replaced 
by a. Note that the analog of Eq. (j2.10p is automatically satisfied here, due to (j7.2p . Eq. (|7.ip 
describes a multiplet of particles of the same mass, and the values of the Poincare spins are 
given by the diagonal elements of a. 
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As found before (but in a less general framework) [27], choosing the direct sum of just two 
so (2, 1) representations shifted by one half, 

a = diag (a, a + 1/2) , (7.3) 

provides us with an = 1 supersymmetric system. To identify the supersymmetric structure of 
(|7.ip . (17.3p . we realize the 50 (2, l)-generators quadratically in terms of the creation-annihilation 
operators of the RDHA, see (|6.5p . Consistently with (j7.2p . they satisfy the relation (j6.13p . They 
commute with the reflection operator R, identified as the Z2-grading operator of the super- 
Poincare structure we are looking for. The Fock space representation of the RDHA depends 
on the deformation parameter, and provides us with infinite- {v ^ — (2r -|- 1)), and (2r -|- 1)- 
dimensional (z/ = — (2r + l),r = l,2,...) irreducible representations of the osp(l|2) superalge- 
bra. Each such representation is the direct sum of two irreducible so (2, 1) representations with 
spin values shifted by 1/2, 

a+ = ^(l + j/), a_=a+ + ^, (7.4) 

cf. ()6.26p . and consistently also with (j7.3p . These are just the values taken by the operator a 
in (j6.13p . when restricted to the subspaces The latter are invariant under the action of 
J'^, and are eigensubspaces of the reflection operator, see ()6.14p . (j6.15p . The wave function is 
expanded as 

i;ix) = ij+{x) + i;-ix), ij^ix) = ^^ptix)\n)±, |n)± G J± , (7.5) 

n=0 

and Eq. ()7.ip is reduced to two independent equations, 

y^("+V+(a;) = and v;("-)-0-(x) = 0, (7.6) 

whose solutions form a supermultiplet with spins a+ and a+ + 1/2 = a_, respectively. The 
spinor supercharge of such an = 1-supersymmetric system is given by 

Qa = , ' ^ ((i^^7M)a' - mRda') A , a, 6 = 1, 2 , (7.7) 
y 2m(l + z^j ^ ^ 

where the 7^'s are the Dirac matrices (j6.9p in the Majorana representation. It is an operator- 
valued linear combination of the odd osp(l|2) generators ()6.6p . To see that the (j7.7p is indeed 
the supercharge, we calculate the commutator 

[y^("),QJ = , " ^ ({dX'^.U^ - kl,)a'C,{P' + m')) , (7.8) 
Y'2m(l + u) \ ^ / 

where 

{D^)a' = PX - "i(7^)a', = {P^ijna' " m6a' )Cb , (7.9) 

and n+ is the projector on the even subspace T+, see (j6.19p . The action of (j7.8p on the wave 
functions that satisfy Eq. (j7.ip produces zero if Va'tp'^ = 0. Such a spinor set of equations was 
studied in [32], where it was shown that its solutions describe a particle of mass m and spin 
a+. 

Moreover, V^"^^ (x) = \C"'{'^^^D^)J'Vi,iIj~^{x), and any solution of the spinor set of 
equations in the even subspace is also a solution of the vector set. 
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We conclude, therefore, that (j7.7p is indeed a supercharge. Together with the Poincare 
generators, it yields the off-shell nonlinear superalgebra 

[Pf„P,] = 0, [Mf„Pu] = -ie^,xP\ [Mi„Mu] = -ie^,xM\ (7.10) 

[P^,Qa]=0, [M^,Qa] = \il^)a'Qb, (7.11) 

{Qa,Qb} = -2iiP7)ab (7.12) 

+ , [{Jl)abiP^ + m^) - 2iPjUiPJ - ma)] . (7.13) 

The last term (j7.13p vanishes on-shell, and (|7.10p - (l7.12p yield the usual = 1 planar super- 
Poincare algebra. 

The deformed oscillator representation of the Lorentz algebra produces both the infinite 
half-bounded series, and the usual finite-dimensional series with integer or half-integer spin. 
Hence, the system of equations (|7.ip . (|7.3p describes, universally, a super symmetric system of 
massive particles of anyonic spin when v 7^ — (2r + 1), r = 1,2,..., and of usual integer /half- 
integer spin for v = —3, —5, —7, .... This is summarized in Table 1, where the notation ()2.19p 
was used. Note that for —3 < ly < —1, the supermultiplet includes anyons with spins of 
opposite signs, —1/2 < a+ < and a_ = a+ + 1/2 > 0, which are described in terms of 
infinite-dimensional half-bounded non-unitary and unitary representations, respectively. 

Table 1: Poincare supermultiplets 



Deformation parameter 


Poincare spin supermultiplet 


Lorentz rep. 


Supermultiplet 




(a+,a_) 




anyons 


v=-{2r + l), r = 1,2,... 


(-r/2,-r/2 + l/2) 


® ^-r/2+1/2 


boson /fermion 



Some examples of interest are listed in Table [2j Notice that the supermultiplet (a) was 
studied in a superfield approach in [30], see also Footnote 14. For the supermultiplet (c), the 
vector operator V^"^ vanishes identically on the spin-0 subspace. In this sector the Klein- 
Gordon equation should therefore be imposed, assigning to it |0)_ in the Fock space. Then the 
superpartner-fields are mapped into each other by the supercharge (|7.7p . Another possibility 
consists in taking 1^ < —3, and then considering the limit — t- —3. 

The supermultiplet (e) is studied in the next Section; the supermultiplets (f) and (g) can 
be considered in the same way. The analog of the DJT formulation [3] for the massive graviton 
was considered in |37tl38j: here we have the linearized form of the corresponding field equations. 

7.1 Dirac/Jackiw-Deser-Templeton supermultiplet 

To illustrate the general theory of the previous Section, we consider a supermultiplet composed 
of a Dirac field, paired with the topological massive gauge vector field of Deser, Jackiw and 
Templeton [3]. It is described by the vector system (j7.ip . where the spin operator a has now 
eigenvalues —1 and —1/2, respectively. The deformed algebra (16. ip with deformation parameter 
= —5 provides us with an osp(l|2) representation, whose irreducible Lorentz components have 
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Table 2: Examples 



Deformation parameter 


Spin supermultiplet 


Supermultiplet 


1/ = 


(1/4,3/4) 


(a) Quartions 


v = -2 


(-1/4,1/4) 


(b) Semion/quartion 


u = -3 


(-1/2,0) 


(c) Dirac/scalar 


1/ = -4 


(-3/4,-1/4) 


(d) Semions 


u = -5 


(-1,-1/2) 


(e) DJT/Dirac 


v = -7 


(-3/2,-1) 


(f) Rarita-Schwinger/DJT 


u = -9 


(-2,-3/2) 


(g) Massive graviton/gravitino 



(7.14) 



spin j = —a+ = 1 and j = — a_ = 1/2, respectively. The superfield ip{x) is expanded in the 
= 5-dimensional basis ()A.7p . 

/ ^ojx) \ 

The 05p(l|2) generators are 5x5 matrices given by Eqns. ([Alii) . (lAlOl) and I^Ml- Using the 
projectors (jA.9|l and taking into account ()A.13p and ()A.15p . we extract the components with 
spins 1 and 1/2, 



-a+ = 1 : 



-ip^ix) 
'ip^ix) 
ip^{x) 



(7.15) 



j = -a_ = 1/2: ip- (x) = U^ipix) 



iPqJx) 
ipiix) 



(7.16) 



The operator V^"'^ in Eq. (I7.ip . projected to these components, 



reduces to 
where, 



F(°)n±v(x) = F("±)^±(x), 



puj{±)X^ 



(7.17) 
(7.18) 



(-) 







1 t(-) ^ 

-2^3, Ji =2^1, 



J, 



(-) 



(7.19) 



(+) 



-10 

1 



= — I 1 1 I , J^^^ = ^ I 1 -1 I ,(7.20) 



1 



0-10 



V2 I 



1 



V2 



1 



(7.21) 
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The Pauli-Lubanski condition (j2.9p implied by the equations (j7.ip becomes, on one of the 
sectors, the Dirac equatiorJ^ 

(Py - m)a\i^-{x))t = 0, 7; = -24-\ (7.22) 

while, on the other sector, it becomes equivalent to the topologically massive gauge vector field 
equation Ef], 

(P^jW + = 0. 

Then we obtain (j2:22]) . with 

(^-ie\,P^^ + md^)r = 0, r = {UH-^{x)r, -ie\x = {UUl^^U)\. (7.23) 

To see how the supercharge acts on this supermultiplet, it is convenient to consider the 
linear combinations 

Q± = Qi^iQ2, Q± = ^^—^ [±a^P± + a^imR T Pq)] , (7.24) 

y/m{l + u) 

where P± = Pi it iP2. Using the matrix representation (]A.fOp of the rising/lowering oper- 
ators a^, and the representation ()A.9p of the reflection operator, the explicit action of the 
supercharges ()7.24p on the spin-1 {ip^) and spin-1/2 (V"") components of the supermultiplet is 
found, 

Q+V'~(x) = ^| ^P+Vr(x)-^°(m + Po)Vo-(x) I , (7.25) 

-(m + Po)V'r(x) 



m 



f (Po - m)V'o {x) 

Q-ir{x) = ^ ( -^P-Vo~(x) + ^(Po - m)i^^ix) I , (7.26) 



m 



^^"^ " 1^ (x) + ^(m - Po)^+(x) J _ ' (^-2^) 

^ ^"xA^l^ -^P_V^+(x) + (m + Po).^+(x) J_- ^^-^^^ 

Here, it is explicitly shown how the components of the transformed spin-1 field depend on the 
untransformed spin-1/2 components (|7.16|) of the superfield ()7.14p . 

Conversely, the components of the transformed spin-1/2 field are those of the spin 1 field 
(ini]). 



^^Note that the representation of Dirac matrices, 7^ in (|7.22p . is related to that in (|6.9p by the unitary 
transformation (|A.6[I . 

^^The standard (adjoint) representation of the spin-1 Lorentz algebra, (Jp)'^A = —i^'^/ix, is obtained by the 
unitary transformation (|A.17|) . 
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7.2 Jackiw-Nair/Majorana-Dirac supersymmetric system 

Now, extending the Dirac-DJT correspondence established in the previous Section, we con- 
struct an = 1 supersymmetric unification of the Jackiw-Nair and Majorana-Dirac anyonic 
fields. This can be done by combining the extended realization (jS.ip and (j5.2p [that corresponds 
to the sum of the so (2, l)-representations] with the = 1 supersymmetric scheme of Section 
[71 Taking the particular realization of the latter from Section [7.11 [i.e. taking the Dirac/DJT 
supermultiplet], we get, as a result, a particular, = 1 supermultiplet of Majorana-Dirac and 
JN fields. 

The generator in (|5.ip is taken in an irreducible representation D^, while is realized 
as a direct sum of two finite-dimensional so (2, 1) representations with Lorentz spins j = 1 and 
j = 1/2. Finite-dimensional representations can be obtained by means of the RDHA with 
deformation parameter v = —5. The parameter a' is promoted to a diagonal operator with 
eigenvalues —1 and —1/2. This immediately provides us with a supermultiplet of spins a — 1 
and a — 1/2. On the corresponding subspaces with /3 = a — 1 and /3 = a — 1/2, our vector 
equations will take the form which corresponds to the Jackiw-Nair and Majorana-Dirac fields, 
respectively. 

Explicitly, the = 1 JN/MD supersymmetric system is described by the vector system of 
equations 

V;(-+-')V^(x) = , V;("+°') = (a + a')P^ - ie^^xP^J^ + mj^ , (7.29) 

where 

Jt, = J^+^'^, Jf.eD+, 2'^eD^eD^/\ a' = diag (-1,-1/2). (7.30) 

The five-dimensional irreducible representation of osp(l|2) that corresponds to the chosen direct 
sum for 5^ was described in the previous Section in terms of the RDHA with parameter = — 5. 
A solution of the system (j7.29p is given by the JN field realized on ® -D^, and by the MD 
field realized on © Z)^/^. Here corresponds to the three-dimensional (vector) even 
subspace of five-dimensional Fock space and D^^'^ corresponds to its two-dimensional (spinor) 
odd subspace. 

The spinor supercharge of such a supersymmetric system becomes 

Qa = ({P^7f.)a'' - mRSa') Cb , a, 6 = 1, 2 , (7.31) 

2\/2m ^ ^ 

cf. (j7.7p . It is implied that (j7.3ip acts identically on the index n [not shown explicitly and 
corresponding to the infinite-dimensional representation 1?^] of the wave function il'i^)^ while 
the matrix operator Cb acts in the 5-dimensional irreducible representation of the osp(l|2) 
superalgebra. The action of this supercharge is given by Eqns. (|7.24p . (j7.25p - ()7.28p . where, in 
this case, it is implied that the components of the wave functions carry also [an not displayed] 
index n. Together with and P^, this supercharge generates a nonlinear superalgebra of the 
form (I7.10j) ~ ()7.13p . with J'^ in the last term (|7.13p changed to 5^, and a changed to a' . 

It was shown in Section 2 that the vector sets of equations for JN and MD fields decouple 
into Majorana and DJT equations, and Majorana and Dirac equations, respectively. This 
means that the factor (P^' — ma') disappears on-shell like (I7.13p . Therefore, on-shell, the 
standard A^ = 1 superalgebra given by Eqns. (|7.10p - ()7.12p is obtained. 
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8 N = 2 supersymmetry 



In Section [7] we have shown that promoting the parameter a in p.20p to a (diagonal) operator, 
a in (j7.3p . and reaUzing the Lorentz generator in terms of the RDHA creation-annihilation 
operators yields an = 1 super symmetric system of anyons, or of usual fields of arbitrary 
integer and half-integer spin. 

In the previous Section we showed in turn that = 1 supersymmetry can be obtained, 
alternatively, if, in the extended realization of Section [5l the second parameter a' is promoted 
to a diagonal operator, while a is left a fixed numerical parameter. The alternative construction 
allowed us to to unify the Majorana-Dirac and JN fields in one anyon supermultiplet, and to 
get supermultiplets with partner anyon fields described by infinite-dimensional representations. 

The construction of the previous section was asymmetric, and now we argue that the same 
prescription, applied to (|5.2p symmetrically in the parameters a and a' , i.e., promoting them 
both to operators, provides us with an = 2-super symmetric system of anyons, or of bosons 
and fermions. In such a way we unify, in particular, the Majorana-Dirac and Jackiw-Nair anyon 
systems into a single extended N = 2 supermultiplet. 

Let us take 

J^ = Z1+T^, ^AM^i = -Moa - 1) > A = 12, (8.1) 
[with no summation in A implied], and postulate the vector system of equations 

Vlf ^{x) = , vl^fi'^=fiP^ + mj^ - ie^.xP'j'' , (8.2) 

fi = ai+ ag- (8-3) 

Here we assume that each Lorentz generator ^Ap, = i, 2, is realized quadratically in terms 
of the creation-annihilation operators of two independent RDHA's, 

[a2,a+]={l + UARA), {a±,i?^} = 0, = 1 , ^=1,2. (8.4) 

So, here 

aA = \i2 + iyA-RA), (8.5) 

3ao = + aA+ , oiA+ = ^(1 + z^a) • (8.6) 
In internal space we have two copies of osp(l|2) superalgebra, 

osPi(l|2)©osp2(l|2), osp^(l|2) = {£^„, 5!^}, A = l,l. (8.7) 



which provide us with a representation of the Lorentz generators (|8.ip with four irreducible 
components [two for each osp^(l|2)]. The act on the tensor product of the Fock spaces, 

g- = J-^ (g) , 5^= {|ni,n2) = |ni) (g) Ins) I |ni) G j;. Ins) G Ja} , (8.8) 
where J-a_ is the Fock space of the corresponding RDHA. The wave function is expanded on 5^, 

i^{x)= ^ V'ni,n2(2;)|ni,n2) . (8.9) 
ni ,n2=0 
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The subdivision of the Fock spaces Ta in even and odd subspaces, 

Ta+ = {\nA)+ = I^Ua)}, Ta- = {Iwa)- = \2nA + 1)}, 
induces the decomposition of ^, 

^ = F^+® F2+ + JS- + ® + y^i- ® ^2- ■ (8.10) 
The spin operator (|8.3p takes, on the four corresponding subspaces in (jS.lOp . the values 

A, / 11 \ I+U2 

fi=dtaglx,X + ^,X + ^,X + '^j, X = «i+ + Q2+ = ^ ~ H ■ (8.11) 

Observe that the spin eigenvalue x + ^ is doubly degenerated. The wave function (j8.9p has 
therefore four components, 

iP(x) ='ilj^+{x) + il^+~{x) + 'il^^+{x) + ip''{x), (8.12) 

V'^^(^)= E <^n2(2;)l«l,n2)±±, (8.13) 
ni ,n2=0 

V^±^(x)= <^n,(x)|ni,n2)±^, (8.14) 

rti ,n2=0 

|n-i,n2)±± e -^i± i^-^^i , |?T-i,ra2)±T 6 .Fi^p (g) J'aT • (8.15) 
The wave function (I8.12p solves (18. 2p if each of its component solves, independently, 

y^(^V++(^) = 0, 
n^'^+'V— (x) = 0. 



.16) 



Each component carries therefore an irreducible representation of the Poincare group with mass 
m and spin indicated by the upper index of the vector operator. 

Fields which differ by one half in their spins can be connected by supercharges analogous 
to ()7.7p . They are given by 



Q,^ = , ( (P^7/.)a'' - mR.da" ) £1, , (8.17) 

^^2m{l + z^i) 



Q,^ = —====R, (P^7^),'' - mR.da" C,, . (8.18) 

The additional factor is included into the second supercharge in order to make (I8.17P and 
()8.18p anti-commute, see (j8.2ip below. The action of the supercharges on the supermultiplet 
components is illustrated on Fig. [H 

To see that (j8.17p and ()8.18p are physical operators in that they preserve the physical 
subspace, we pass to the rest frame E^, = (m, 0, 0), in which the vector system is equivalent 
to (Jo - P )'^{x) = 0, J-il:{x) = 0, cf. (imp . Observe that 

J_|0,0)±±=0, J-|0,0)±^=0, 



^°It is implied that at least one of the parameters Vaj A — 1,2, corresponds to an infinite-dimensional 
representation of RDHA [v > —1). 
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(x);s = x + l] 

t 

Q2 
i 

s = x + l/2] 

Figure 1: The action of supercharges on the supermultiplet components. Each supercharge, Qi 
and Q2, changes the spin by 1/2; the first (second) supercharge acts nontrivially in the first 
(second) index of the Fock space decomposition /i8.9\) . 

and that |0,0)++ = |0,0), |0,0)+_ = |0,1), |0,0)_+ = |1,0), |0,0)__ = |1,1). The same set of 
kets is annihilated also by the operator Jq— fi ■ In the rest frame, the general solution of (j8.2p 
is, therefore, an arbitrary linear combination of the four lower ket states, 

V'(x) ocV^+|0,0)++ + V^o-|0,0)+_ + Vo";J|0,0)-+ + Vo";o"|0'0)— , 

multiplied by a time-dependent phase [not displayed here]. The coefficients are arbitrary con- 
stants. In the rest frame, the operators (j8.17p and (jS.lSp are proportional to a^n^+ and a^n^_ 
with values of index A = \ and 2, respectively. 

(8.19) 

a J t i<h 
|1,0) 

Figure 2: In the rest frame = (rn-,0,0), the action of the supercharges, shown in Fig. {1\ is 
reduced to that of creation- annihilation operators. 

Their action on solutions is reduced to that of the creation and annihilation operators, as shown 
on Figure [2j Therefore, the space of solutions is invariant under the action of (j8.17p and (jS.lSp . 
They are odd operators with respect to F = RiRg, identified as the Z2-grading operator of the 
N = 2 Poincare superalgebra. The even part of this superalgebra is given by Eq. (|7.10p . The 
part that involves the supercharges is 

[P^, QaJ = , [J^, J = ]^{^^)J'Qa, , (8.20) 
{QAa, Qst} = -2i6^iPj)ab , (8.21) 
where the anti-commutator of the supercharges is shown in on-shell form. 



[iP^-{xy,s = x + l/2] 

t 

Q2 
i 

[V'"^+(x); s = x] 



|o,i) 

at t 
|0,0) 
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When both parameters Va, A= 1)2, correspond to finite-dimensional representations of 
RDHA, the equations (18. 2p . (18. 3p provide us with a usual, boson/fermion N = 2 super- multiplet 
(jS.lip . with states of both signs of the energy. 

Jackiw-Nair/Majorana-Dirac N = 2 supermultiplet 

The Lorentz generator (jS.ip . = Zi +^2^ is constructed in terms of two RDHA algebras, 
one for Zi and another for ^2- We have the freedom to choose the deformation parameters 
Vi and V2 independently. As a result, the system of equations (j8.2p can describe a variety of 
N = 2 supermultiplets (jS.lip . based on different representations of the 5o(2,l) algebra, by 
mixing "anyonic" and/or usual integer/half-integer spin series. 

As an example, we consider here the Jackiw-Nair/Majorana-Dirac N = 2 supermultiplet. 
It is realized by choosing Vi > —1 and 1^2 = —5. This implies, 

ai+ > 0, -Q2+ =4=1 =^ x = (8.22) 
Hence we get the spectrum described in Table [3l 



Table 3: = 2 JN/MD supermultiplet 



Field component 


Fine spin structure 


Spin s 


Internal space 


Field type 


V'++(2;) 


«!+ - 1 


«!+ - 1 




JN 




"1+ - 1/2 


«!+ - 1/2 




MD 




ai_ — 1 


«!+ - 1/2 




JN 


1p {x) 


- 1/2 


«1+ 




MD 



It is interesting to note that, from the viewpoint of the Poincare spin value s [see the third 
column in the Table], the field component ifj looks like the field we got in Section 2 using 
the irreducible representation with a = > 0. The components ij: and ip^ look like 
anyonic fields produced by the Majorana-Dirac system. Finally, the component ■0"^+ looks like 
that described by the Jackiw-Nair equations. Having in mind, however, that the equations for 
each field component have a structure that corresponds to the scheme (jS.ip . (15. 2p based on the 
direct sum of two irreducible representations of so (2, 1) (see the second and fourth columns), 
each component is interpreted as a field of the type indicated in the fifth column. 

The wave functions have two Lorentz indices, associated to = fI'^^ + f['^'^ (infinite 
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dimensional) and T^^^ = Tj-^ + (5-dimensional) representations of RDHA. Explicitly, 

oo 

V'++(^) = E E (^;r+(^))'V,A')++, \n,X')++e:Fif(^Tff, (8.23) 

n=0 A'=l,2,3 

oo 

i;+-{x) = Y.Y1 ii^^-i^)r\n,a)+- , |n,a)+_ G 7^^^ O J.^.'^ , (8.24) 

n=0 a=l,2 

oo 

r+(x) = ^ ^ (V'-+(x))^'|n,y)_+, |n,A')_+e-^i^^€DJ,?\ (8.25) 

n=0 A'=l,2,3 

oo 

= E E (V'n"(^))1n,a)__ , |n,a)__ G 7^!°^ . (8.26) 



n=0 a=l,2 

Here, a = 1,2, is a spinor index in the basis ()A.13p . in which the so(2,l) generators are 
given by Eq. (1A.5|) . The vector index A' corresponds to the basis (jA.lSp . and transforms 
under the so (2,1) representation ()A.14p . Index n transforms under the infinite dimensional 
so (2, 1) representation (D^^^), and endows a wave function with the anyonic part of the spin. 
Supercharges (|8.17p . ()8.18p transform these fields as shown on Fig. [TJ 

9 Nonrelativistic limit 

In this Section we study the non-relativistic limit of our vector system of equations (j2.ip . This 
will provide us with a universal non-relativistic description of either fermion/boson fields of 
arbitrary half-integer/integer spin, or of non-unitary anyons interpolating between them, or 
of anyons based on unitary representations. As shown below, the system of linear differen- 
tial equations we get implies, for each component, the Schrodinger equation as integrability 
condition - just like the Klein-Gordon equation is implied in the relativistic case. Also, the 
equations guarantee that the system carries an irreducible representation of the corresponding 
Galilei symmetry. 

We analyze two different types of non-relativistic limits [22] . 

• The first one is the usual limit, in which the velocity of light, c, tends to infinity, while 
the remaining parameters are kept constant. This generalizes the Levy-Leblond equations valid 
for spin 1/2 [21] to arbitrary spin. 

• In the second, "exotic" type of limit introduced by Jackiw and Nair [23] (see also [21} [22]) 
the spin, s, also goes to infinity in such a way that a ratio 

c — )• oo , s — )• oo , s/(? = K (9.1) 

remains constant. Its "raison d'etre" is that it yields exotic Galilei symmetry [39], which 
admits, besides the mass, m, also a second central charge, k, associated with the non- 
commutativity of Galilean boosts [39l l40]. 

Both non-relativistic limits are conveniently derived from ()2.ip , after reinstating the velocity 
of light, c, and substituting m — )• mc and ip — )• e~*™'^ ^tp, which gives 

1 /.9 2 
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Then Eqns. ()4.4p and (|4.5p take the equivalent form, 



(9.3) 
(9.4) 



while Eq. (14. 6p reduces to 



'"'c^'di + "^^"0 ^" 2 (\/ (2a + n - l)n - V (2a + n)(n + 1) P+^/;„+i^ = 0. 

(9.5) 

The Klein-Gordon equation, a consequence of Eqns. (|9.3p - (|9.5p . takes here the equivalent form 



We put 



Ki = -^CijMj = -tPi + mxi - eijjj + ■ idt , (9.7) 



J = A^o = eijXiPj + Jo , (9.8) 
and get, for the commutator of the boosts, 

[Ki,K,] = -i^€ijJ, (9.9) 

where eij = -eji, = 1. 

Let us insist that all these formulas are still relativistic; we simply wrote them in a form 
where the role of the speed of light is highlighted. 

9.1 Usual non-relativistic limit 

From Eq. (j9.4p we infer that, as c — )• oo, every subsequent component is 0(i)-times the 
previous one. The case of a boson/fermion of nonzero spin j = n/2 > is described by a 
(2j + l)-component field. Considering the non-relativistic limit, one could try to preserve all 
terms up to order l/c"', n > 1. Though such an approximation would be rather natural for 
boson/fermion fields of corresponding spin, it will not possess a property of universality. Indeed, 
particularly, as it follows from (j9.6p , the Hamiltonian operator in the Schrodinger equation then 
will contain corrections with terms of the form {P"^ /mc^)^ , for which the highest value of k will 
depend on the value of spin. Also, according to (j9.9p . the boost generators will commute for 
j = 1/2, but will be non-commuting for j > 1/2. The question is then : what kind of symmetry 
will underlie the resulting theory? 

Investigating the general question goes beyond our scope here; we consider, instead, a 
certain non-relativistic limit which is characterized by the following properties : 

• It has a universal structure; in particular, the dynamics is described by the Schrodinger 
equation with a Hamiltonian operator having the usual non-relativistic form; 

• The corresponding Lie-algebraic symmetry is produced by Inonii-Wigner contraction from 
Poincare symmetry; 
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• For j = 1/2, it reproduces the Levy-Leblond theory for a non-relativistic spin one-half 
field. 

Let us denote the multicomponent field by ^, and consider the (invertible) similarity trans- 
formation ^' — )■ <I>, 

^> = M^', M = diag{l,c^,c^,...) . (9.10) 
The dimension of the field-column 

$ = (t'l , (9.11) 

and of diagonal matrix M depends on the chosen representation of the Lorentz algebra; in the 
anyon case, it is infinite. The components of the transformed field <I>, unlike those of are of 
order c° = 1 cf. Eq. ([O]) . 

The transformation (j9.10p induces a similarity transformation of operators : to any operator 
D acting on a state there corresponds an operator 

D = MDM"^ (9.12) 

that acts on For the translational invariant (spin) part of the Lorentz generators, D = Jq, 
J+, we get then 

Jo = Jo, J+ = cJ+, J_ = -J_. (9.13) 

c 

The components of the vector operator of our basic equations are transformed into 

Vb = -I (^aidt + \P+J-^ + c (^m{Jo - a) + ^^-^+) , (9-14) 

V+ = -iJo-a)P+-J+idt, (9.15) 

= (Jo + a)P- + ^rnj. + iridt . (9.16) 

So far we merely deformed the theory, which is still relativistic. To obtain the non-relativistic 
limit of the equations presented in terms of the rescaled field it is necessary to 'renormalize' 
Vq and consider 

Q3o = lim -Vb = m{Jo - a) + \j+P^ , (9.17) 
5J+ = - lim V+ = {Jo - a)P+ + J+iOt , (9.18) 

c— >-oo 

53_ = lim y_ = (Jo + a)P^ + 2mJ_ . (9.19) 

c— ^oo 

Then we infer our new vector equations 

23o^ = 0, QJ+$ = 0, QJ_$ = 0. (9.20) 

The dynamics of the field <I> is given by the Schrodinger equation, idt^ = ^P^^- The latter 
appears in fact as consistency (integrability) condition for the system ()9.20p . 
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In component form the last two equations read 

\/^rT2^ ('^) + '/^^P+^n+i = , (9.21) 

Vn + 2a P^4>n + 2mVra + 1 4>n+i = , (9.22) 

where n = 0,1,..., oo for anyons (a > 0, or > a 7^ — j), and n = 0,1,..., 2j for 
bosons/fermions (a = — j). The component form of the first equation from (j9.20p is reduced 
here to Eq. ()9.22p . Expressing (pn+i from Eq. ()9.2ip . 



1 _|_ On- 

= - — J^-P_</.„. (9.23) 
2m V n + 1 

Note that the tower of states is automatically finite as it should if 2a is a negative inte- 
ger. Inserting (|9.23p into (j9.22p shows explicitly that each component satisfies, separately, the 
Schrodinger equation, 

' d 

i-.-^]^n = 0. (9.24) 
■^-^ 2m I 

Iterating ()9.23p allows us to express all components (pn in terms of the lowest one, 

0„ = (nfi(2a,n))-^/2^^^ 0o , (9.25) 

cf. (|4.8p . By Eq. ()9.24p . 0o is a (superposition of) plane waves, 

(j)o = exp < —it \- ix ■ p> . (9.26) 

[ 2m J 

Note that for integer/half-integer spin j = -a = 1/2,1,3/2,..., Eqns. ([9:231) - ({9:25]) yield 
(/)„ = for n > 2j, consistently with our expectation that spin-j particle should be described 
by a {2j + l)-component field, cf. Section 3. 

As in the relativistic case, the infinite-component anyon fields of spin s = a given in Eq. 
p.l4p . interpolate between the finite-component non-relativistic fields of spins j — 1/2 and j, 
respectively. Here, however, each higher component is suppressed by the additional hidden 
factor ^ w.r.t. the leading component (f>o. When a tends to either of the boundary values 
—j + 1/2 or — j, the components (pn with n > 2j — 1 or n > 2 j -|- 1 are suppressed, in addition, 
by the numerical factor (j — ^ + a)^^"^ or (j + a)^^"^ , see Section 3. In the case of anyons based 
on the unitary representations with a > 0, no such additional suppression arises. 

Now we show that the system (j9.2ip . (|9.22p has a 1-parameter centrally extended Galilei 
symmetry, obtained by Inonii-Wigner contraction from the (2 -|- 1)D Poincare algebra, 

[P^,P,] = 0, [M^,P,] = -ie^,xP\ [M^,Mu] = -ie^,xM^. (9.27) 

The Galilean boost generators are defined by 

}Ci = - lim euMj/c. (9.28) 

c— ^00 

With taking into account Eqns. (j9.7p and (|9.13p . we get 

/C± = /Ci ± i/C2 = -tP± + mx± + A±, A_ = , A+ = ij+ . (9.29) 
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Note here the presence of the spin-dependent part A^-. 

The generator of rotations has, by (19. 7p . (I9.13p . the same form as in relativistic case, 

J = eijXiPj + Jo . (9.30) 

Defining also 

■H = cP° - mc^ , (9.31) 

we find that Pi, ICi, J and 7i = are symmetry operators of the system (j9.2ip . (j9.22p . and 
generate the extended Galilei ("Bargmann") algebra with a unique central charge m, 

[ICi, Pj] = imSij , [Pi, Pj] = , [n,Pi]=0, [ICi,)Cj] = , (9.32) 

[IC^,n] = iPi, [3,P^=ie^jPj, [3,)Ci] = ie,jlCj. (9.33) 

Note that by ()9.9p boosts commute. 

The Casimir operators of the algebra ()9.32p . ()9.33p are 

Ci = P^ - 2mn , C2 = mJ- eijlC^Pj . (9.34) 

On-shell, i.e. on the surface of Eqns. (|9.2ip . (|9.22p . they take the values 

Ci = , €2 = am. (9.35) 

The non-relativistic equations (|9.2ip . (|9.22p describe therefore a massive non-relativistic parti- 
cle of spin a. 

The particular cases of spin 1/2 and spin 1 will be discussed in Section flO. 31 
9.2 Exotic limit 

For the infinite-dimensional unitary representations D^, a > 0, we define the operators, 

N = Jo - a , b^ = ^ , (9.36) 

V 2a 



and put Q — )■ 00. In this limit, the operators (|9.36p generate the harmonic oscillator algebra, 

[N,6±] = 6±, r,6+] = l, (9.37) 

and the so (2, 1) representation ()3.10p transforms into a Fock space representation, 

N|n)=n|n), b'[n) = Vn+ l|n+ 1), 6+|n) = ^^1" - 1), n = 0,l,2,.... (9.38) 

The exotic non-relativistic limit c— 7-00,0— 7-00,0/0^ = k = const , cf. (j9.ip . applied to the 
equations (|4.2p - (|4.3p with the substitution (j9.2p . produces 



AoV = 0, A+ip = 0, A_V = 0, (9.39) 

Ao = - + ' ^+ = '^^+ {'^t ~ l""-^^) ' ^- = ^- - • (9-^0) 

Here, Aq, A_ and A+ correspond to the limit ()9.ip of the operators —cVo/a, V-/2a and V^., 
respectively, and we have introduced the notation 

v± = vi± iv2 = -^J^b"^ . (9.41) 
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Taking the combination Aq — f+A_, we get a minimal set of equations, 

i^-F^^ = 0, A_^ = 0, (9.42) 
where 

-* TTl 

H = Pv-—v+v- (9.43) 

is identified as the [linear-in-P] Hamiltonian operator. 

Taking into account the second equation from (j9.42p , the first one becomes the Schrodinger 
equation, 

- —pAt/j = 0. (9.44) 
On the other hand, decomposing as ip = ^„ ipn\n), the equations A± ip = read 

V2^ ('^) + V^^P+i^n+i = , (9.45) 
V2^P-i^n + 2mVn + Itpn+i = . (9.46) 



These equations can also be obtained, alternatively, by applying the exotic limit ()9.ip to Eqns. 
(j9.3p . (19. 4p . Using the second equation from (I9.46p . the higher components can be expressed 
in terms of the lowest one, namely as 



while, according to the first equation, the dynamics of each component is governed by the 
Schrodinger equation, (j9.44p . 

The exotic limit with the additional 'renormalization' 

Mo^Mo-a = Mo-Kc^, (9.47) 

cf. (|9.3ip . provides us with rotation and Galilean boosts generators, 

J = eijXiPj + -Kv+v^ , JCi = mxi — tPi + neijvj . (9.48) 

Together with H = i-^ and momentum Pi, they generate the exotic Galilei symmetry, 

[/C, ,Pj]= im6ij , [P, ,Pj] = 0, [n,Pi] = 0, [ICi ,ICj] = -iKe^j , (9.49) 

[ICi,n] = iPi , [J, Pi] = ieijPj , [J, ICi] = ieijICj . (9.50) 

In particular, the parameter k, which measures the non-commutativity of boosts, becomes 
the second central charge, highlighting the exotic Galilean symmetry [39\ 140] . The Casimir 
operators are 

Ci = P^ - 2mn , C2 = mJ- eijldPj + kV. . (9.51) 

On-shell, they take the values Ci = C2 = 0. The system of equations (|9.42p describes an exotic 
(2+l)D non-relativistic particle with mass m and the exotic parameter k. The system may be 
reinterpreted as a free massive particle on the non-commutative plane, see |22j . 
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The exotic limit can be carried out also by letting a — )• — oo, that involves the non-unitary 
representations and D^. We reproduce here the same results as for a — t- +oo. Putting 
a = — j, j — )• oo, the limit can be applied, in particular, to usual boson/fermion fields. 

Starting from Eqns. ()3.16p . (|3.17p . we now consider the exotic non-relativistic limit (j9.ip . 
i.e., c — )• oo , j — )• oo , j I (? = K, = const . The equations ()9.39p . with corresponding operators 
(j9.40p , are obtained by applying this limit to 

(kc)-VoV' = 0, V+iJ = 0, -k(2kc2)-V„^ = 0, 

respectively. The oscillator number and creation-annihilation operators are found by applying 
the limit j — )• oo to 

N = Jo+i + e, b^ = ±—^=. (9.52) 

Note that while the nature of the operators (j3.16p requires an indefinite metric, due to the sign 
in the definition of in (19.52p . we have now = N, (b^)^ = b~ with respect to the usual, 
positive definite metric, and reproduce the relations (|9.38p . 



10 Non-relativistic supersymmetry 

Studying the non-relativistic limit of the vector equation (j2.ip , we derived first order equations 
for bosons and fermions, and for anyons. The symmetry of these systems is the mass-extended 
Galilei symmetry, or the exotic-Galilei symmetry, depending on the type of limit. They corre- 
spond to different Inonii-Wigner contractions of the Poincare group. 

In Sections [7] and EJ the relativistic wave equation ()2.ip was generalized to (I7.ip , or ()8.2p , 
respectively. They describe = 1 or = 2 Poincare supermultiplets. It is natural to 
expect, therefore, that the non-relativistic limits of these equations will describe (exotic) Galilei 
supermultiplets. It is also expected that the symmetries of these systems will be the Inonii- 
Wigner contraction of the super-Poincare algebra. 

In the case of A'^ = 1 supersymmetry, for instance, the supermultiplet is described by (jT.ip . 
Projected to the corresponding subspaces, it yields Eqns. (|7.6p . V^^'^^ip'^ = and V^°'~^il)~ = 0. 
The fields if)'^ and -0" have spin uj^ and a_, respectively. The procedure described in Section [9] 
to obtain the nonrelativistic limit can be repeated in each subspace. Having in mind that the 
fields Tp^ are expanded on the even (odd) Fock subspaces of the RDHA, see Eqns. (17. 5p and 
(j6.14p . il)^{x) = Y^n=Q'4'n{^)\'^)±^ fi'^st obtain (j9.3p . (j9.4p . Then, taking the limit, yields 
Eqns. (|9.2ip and (j9.22p with parameters Uj^ and a_ = a+ -|- 1/2, respectively. Each set of 
non-relativistic fields will be Galilei-symmetric, and the fields are interchanged by the non- 
relativistic supercharge, obtained as the non-relativistic limit of the relativistic supercharge 

(EH). 

The extended N = 2 supersymmetry is derived by a similar procedure, starting from equa- 
tions (j8.2p and applying Inonii-Wigner contraction. We present this in detail in the following 
subsections. 

10.1 Usual = 1 non-relativistic supermultiplet 

In this case we get two copies of the non-relativistic equations (j9.2ip , (j9.22p , 

+ 2a± (^i^^ (Pt + V^^P+<pt+i = 0, (10.1) 
Vra + 2a±P_(^^ + 2mVn + 1 (p^^-^ = 0. (10.2) 
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Defining (p^ = c"Vn and taking the limit c oo as in (fOTT) . (l9:22]l . we get, cf. ([OS]) . (lOGll . 

= (ni?(2a±,n))-i/2 ^± = ^± exp | + ipfj , (10.3) 

where the are constants. The Galilean generators are defined as in (j9.29p . (j9.30p . (j9.3ip . 
Augmented with the translation generators Pi, they span the algebra ()9.32p . ()9.33p . Here the 
reducible representations (|6.5p of the Lorentz algebra (see also (|6.17p ) are used for and j7o 
in the boost and rotation operators, /C+ and J, respectively. The operator C2, defined as in 
(|9.34p . is therefore multi- valued. On-shell, we have 

€2 = ma, C2^^ = Cf^^ , = ma± . (10.4) 

The states are vectors of the form (|9.1ip . with components (j)^. The operator Ci vanishes 
in both subspaces. 

The supercharges that interchange the fields are the nonrelativistic limits of those in 
(17. 7p . To identify them, we note that the multi-component field ^ of our = 1 supermultiplet 
has the structure = {tp^ , tpQ , tpf , tp^ , . . .) , where T denotes transposition. The rescaled 
field $ has analogous structure. They are related by the transformation of the form (I9.10p with 
a matrix M 

M = c^^a5(l,l,c,c,c^c^...) = M+ + M_, M± = Mn± , (10.5) 

where 11+ and n_ are the projectors (16.19p . The similarity transformation (I9.12p . applied to 
the RDHA creation and annihilation operators, gives 

a+ = ca+n_ + a+n+, a' = c~^a~U+ + a'U^ . (10.6) 

From (17.24P and (110. 6p we infer the non-relativistic supercharges, 

Q±=lim™— , (10.7) 

c 



\ I + \ I + v \ 2m J 
where 7^ — 1. The only nontrivial anticommutator is 

i2+>Q-} = 3^5, (10.9) 

where 

S = C2-ma + m—^ = ^o + ^m{l + iy), (10.10) 

with QJq defined in (|9.17p . The operator S commutes with all Galilei generators. Unlike C2, S 
commutes also with the supercharges Q±. It can be identified [up to the factor m], therefore, 
with the superspin Casimir operator. Taking into account (jl0.4p [or the first equation from 
(j9.20p ]. we get on-shell S = m^-j^. The supercharges Q± extend the Galilei algebra ()9.32p - ()9.33p 
with on-shell (anti)commutation relations, 

[J,Q±] = ±^Q±, {Q+,Q-} = Am, (10.11) 

[}Ci,Q±] = m,Q±] = [n,Q±] = 0, Ql = 0, (10.12) 
giving rise to the A^ = 1 super-extension of the Galilei algebra ^I] Ell. 



The = 1 super-Galilei algebra [41] has, besides the Q±, one more supercharge, namely the square root 
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10.2 Exotic = 1 non-relativistic supermultiplet 

Based on the deformed-oscillator representation of the Lorentz algebra, we define now the 
operators, 

N = Jo-a, b^ = ^J±, (10.13) 

and take the limit — )• oo. In this limit we reproduce the usual harmonic oscillator algebraic 
relations of the form (j9.37p , 

[N,6±] = 6±, [b-,b+] = l. (10.14) 

However, here we get the direct sum of two irreducible representations of the Heisenberg algebra, 
realized in the subspaces J^± of the total Fock space T of the RDHA (see (|6.14p . (j6.15p ). 

N|n)-|- = n\n)± , b~ \n)± = \/n + l|n + 1)± , b'^\n)± = ^Jn\n — \)± , n = 0, 1, 2, . . . . 

Generalizing the exotic limit (19. ip . we define, cf. (19. ip . 



c — >• cxD , — oo , — = K = const . (10.15) 



This limit produces J±lc — )• ^/2Kh^ and 



a 



„ , At. (10.16) 

It follows that applying (jlO.lSp to the supersymmetric equations (j7.ip with the substitution 
()9.2p yields the same equations ()9.39p and ()9.42p as in the non-supersymmetric case. There, 
the v± operators are defined as in (19.41 p . in terms of the operators (110. 13p . 

The Poincare reducibility of the system is revealed by a nontrivial integral, namely the 
reflection operator R. We have 

i^-F^V^ = 0, A_'(/'^=0, i2V^ = ±V^, (10.17) 

where the operators H and A_, which commute with ii, are formally given by the same relations 
as in (irajl . dOO]) . 

The finite part of the operator A^o is now 

J = {eijXiPj + Jo) - ^ = eijXiPj + N + i - ifi . (10.18) 

The exotic Galilean generators are given by 

1 1 R 

2""+"- + 2-4 



J = eijXiPj + -Kv+v- + - -r ' ^« ^ '"^^^ ~ + ^^ii'^i • (10.19) 



Together with time and space translations, 7i = i^. Pi, they generate on-shell the algebra 
()9.49p . (I9.50p . The Casimir operator Ci, defined in (19.5ip . vanishes on-shell. In turn, the 
operator C2, (|9.5ip . takes different eigenvalues when acts on the ip^ wave functions, 

C2 = m^^, C2i^^=Cti,^, Ct = m{^±-\. (10.20) 



of H. It is, however, not obtained as the non-relativistic limit of relativistic SUSY. The possibility of extending 
the Galilei symmetry conformally, yielding a generalized Schrodinger symmetry from s = 1/2 [32] to any spin, as 
well as its supersymmetric extensions, [43) . are, in general, open questions. (See, however, [44]). The extension 
of exotic symmetry appears to be non- linear [281 145) . 



40 



The supercharges associated with the system (jl0.17p are obtained from the exotic hmit of 

Q± = Hmc,,.^oo —^Q± = ±2i^/m I Um,,^oo n=p-^ ) . (10.21) 

On account of the reahzation ()6.29p of the RDHA generators in terms of the bosonic osciUator 
operators, we get 

a^l+~_i 1_~_ 
hm;,^oo^ = a^n+ = , hnii^^oo^ = , a n_ = c . (10.22) 

The operators and R = R satisfy the same algebra as the Pauh matrices a± = ^(cJi =b ia2) 
and CT3, 

{c+, c"} = l, c^'^ = 0, [c+,c"] = i?, {c^,R} = 0, R^ = l. (10.23) 
We obtain therefore 

Q± = ±2i^/^c^. (10.24) 

The supercharges Q± extend the exotic Galilei algebra (|9.49p - (|9.50p with (anti)commutation 
relations identical to those in (|lU.lip - p0.12p . The only difference with the usual non-relativistic 
limit of the previous subsection is the non-commutativity of Galilean boosts. 
The Casimir operator operator p0.20p is generalized to 

S = C2 + ^[Q+,Q-], 
lb 

that commutes, unlike C2, with all superalgebra generators, including the supercharges Q±, 
and on-shell takes the value ^m. It is identified [up to the factor m] as the superspin operator. 

10.3 Nonrelativistic Dirac/DJT supermultiplet 

• For spin one-half (—a = 1/2), putting 

(f)o = ipo, (j)i= cipi, (10.25) 

the general theory of Section [9] reduces, for n = 0, to the non-relativistic analogs of the (2-|-l)D 
Dirac equation due to the Levy-Leblond [2H H2] , which take here a form 

d 

(10.26) 

P-(j)0 ~ '^ilTKpl = . 

Eliminating one component yields the Schrodinger equation for the other one. Eqns. (|9.2ip - 
(I9.22P for n = 1 and then for any n > 1 yield = 0. 

The boosts operators (|9.29p involve nontrivial spin [2T| H2]. 

/C± = /Ci ± i/Cs = -tP± + mx± + A± , A_ = , A+ = f M . (10.27) 



The angular momentum, (I9.30p . reads in turn. 



J = ajXiPj +Jo, Jo={ ) • 
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• For —a = J = 1 one gets instead the non-relativistic analog of the DJT vector equation 
for a topological massive gauge field. Introducing the redefined fields 



yields, putting n = into (j9.2ip - (|9.22p and multiplying by — the pair of equations 



(10.29) 



iP+ifi 
2imipi 



0, 
0. 



Similarly, for n = 1 we get 



d 



0. 



The last equation here is readily seen to follow from the first three, however, and can therefore 
be dropped. For n = 2 and then for any n > 2, the system (j9.2ip - (j9.22p yields 4>n = 0. In 
conclusion, the non-relativistic limit of the Deser-Jackiw-Templeton equations (I2.22p reads, 



i\/2mipi — P^ifQ = 0, 
2\/2mip2 + iP-(pi = 0. 



(10.30) 



(fi and (p2 play the role of auxiliary fields, and may be expressed in terms of ipQ. The dynamics 
of each of these free fields is governed by the Schrodinger equation. 

The spin contribution to the boost, ()9.29p . and to the angular momentum, ()9.30p . read 



A, 













' -1 





















-V2 






, 





(10.31) 



The Levy-Leblond (spin s = —1/2) and non-relativistic DJT (spin s = —1) systems can 
now be unified into an = 1 supermultiplet following the general recipe of Section [TOl The 
non-relativistic spin one half, (jl0.25p . and spin one, (|10.29p . multiplets are thus unified into 



/ ^0 \ 

\ V2 / 



(10.32) 



The Galilei generators Pi and dOO]) with Jq = diag {-1,-1/2,0,1/2,1) [cf. (IATT]1 ] act 
diagonally on the vectors (|10.32p . The corresponding supercharges are (jlO.Sp with u = —5, i.e. 



m a IIj 



Q- 



m a 



+ P-a^ 

2m 



n_ 



(10.33) 



where the odd osp(l|2) generators and projectors II-i- are those matrices (jA.lOP and ()A.9p . 
Note the asymmetry between and Q_, which is consistent with the one between /C+ and 
/C_ in Eqns. (fTOTm . (fTOSTT) . 

The Dirac - DJT supermultiplet, in particular its superGalilei symmetry, are further dis- 
cussed in HU. See also 
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11 Extended N = 2 non-relativistic supersymmetry 



Here we investigate the non-relativistic limit of the relativistic equations (18.160 with N = 2 
supersymmetry. The symmetries of the corresponding four-particle non-relativistic supermul- 
tiplet are obtained by Inonii-Wigner contraction of the extended superPoincare algebra ()7.10p , 
(j8.20p - (|8.2ip . The limit can be usual, or exotic, or a mixture of both kinds, since there are two 
independent spin parameters. 

11.1 Usual non-relativistic extended supersymmetry 

First we consider the usual non-relativistic limit of the four-anyon system in Eqns. (|8.16p . 

= 0, 

y{x+m^+-^^^ = 0, 



For for instance, the simple limit yields 

\A^+2^ 0^) "^"^ + ^/^p+Kti = ' (11-1) 



V^n + 2x + 2mV^^ ^>++i = , (11.2) 

obtained as in (jlO.ip . (jl0.2p . Identical equations can be derived for the three remaining fields, 
taking into account that the spin parameter in v/i:'^ ^ takes the values, 

fi = diag (^X,X + ^,X + ^,X + '^^ , X = "1+ + "2+ = ^(1 + z^i) + ^(1 + z^l), (11-3) 

as in (jS.lip . The index n of $ refers to the lowest weight representations of the Lorentz algebra 
of spin j], from which the nonrelativistic limit was taken. These lowest weight representations 
correspond to linear combinations of the Fock basis (I8.14p (see also (I8.12P and (I8.13P ). Hence, 

=ai+ + a2+ = X + ^(ni_ + n2_), X = "1+ + "2+ = ^ + ^(z^i + 1^2)- (11-4) 

The nonrelativistic limit of time translations, Galilei boosts and rotation generators is 
obtained as in Section [9l 

This representation is, of course, reducible, since that of the Poincare algebra was reducible 
too. In particular, rotations also involve the number operators of the lowest-weight represen- 
tations of the Lorentz algebra as well as , El 

J = eijXiPj + N, + -N,+fl. (11.5) 



Here 11 a± = (1 ± Ra)/2 are the projection operators on Fock space of every oscillator labeled by A. They 
satisfy the relations (|6.19|l for every index, and commute. The numbers operators satisfy, 

Na|»1i, M2)±± = n^lni, n2)±±, N^lni, n2)±:F = '^^il"-!' "-2)±=f. A = 1, 2. 
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The operator Ci in (|9.35p is still zero, while C2 becomes C2 = rnfl , cf. Eq. (j9.35p . Their 
eigenvalues are, 

C2$++ = , C2$+- = (x + 1/2)$+- , 

(11.6) 

C2$-+ = (x + l/2)$-+, C2^— = ix + l)'^— ■ 

Each field $ carries therefore a representation of the Galilei algebra. 

The supercharges associated to this supermultiplet are the nonrelativistic limits of the 
superchages (j8.17p and (jS.lSp . namely, 

Q,. = 2^ <n,, , Q,_ = -2^ ^a- + -P_a+ j n,_ , (11.7) 



/ TYl / 777, / 1 \ 

Q2+ = 2i./-^i?,a+n2+, Q,_ = -2i -^RJa- + —P^at)u,_, (11.8) 

cf. (jlO.Sp . The algebra generated by the supercharges (|11.7p . (jll.Sp augmented with the Galilei 
generators is analogous to (llO.lip . (jl0.12p . with the additional relations 

{Qa+, Qb-} = Sab^th, {Q^±, Qs±} = 0. (11.9) 

The supercharges with different indices anticommute, due to the presence of the reflection 
operator, 

11.2 Exotic nonrelativistic extended supersymmetry 

The exotic limit (19. ip is generalized to 

c — 00 , — > 00 , ^ = ^ = K = const , (11.10) 

cf. (110. 16p . Since x depends on both of the deformation parameters (see (jll.5p ). the exotic 
limit can be carried out varying only one, or both, parameters simultaneously. 

Simple exotic limit 

Here we take the limit 

c — > 00 , 1^1 — 00 , 1^2 = const , — — = K = const . (11.11) 
The rotation generator is obtained by removing the divergent c- number term from j] in 

J = eijXiPj + Ni + N2 + + ^ + ^ (ni_ + U,_) . (11.12) 
Galilei boosts are obtained from the non-relativistic limit of Sec. EJ 

/C+ = mx-^- — tP^ + i (^2+ — ^'1'+) ; ^- = nix- — tP^ + inv- , (11.13) 



v±=vi±iv2 = -\ -U^ , = lim J — . (11.14) 

V K \ I/, 
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Observe that Vj and only involve the oscillator with label 1^. 

Galilei boosts satisfy the exotic commutation relation ()9.49p . The and Nj^ operators 
satisfy relations like in (j9.37p . i.e. Ni = b'^b^ . Due to the asymmetry of the limit (jll.lip . the 
supercharges are of different types, 

Qi± = limc^^oo ^Qi± , Qai = limc^oo-02± , (11.15) 
Vc " " c - 

Qi± = ±2iV^ (^lim^^^oo ^iT^) = ±2i^Mct, (11.16) 



Q,, = 2. RA^,. , Q,- = -2^ R, [a^ + -P.aJ j , (11.17) 

which are those obtained as in Eqns. (110. 2ip ("exotic supercharges") and (|10.8p ("usual super- 
charges") respectively. These supercharges yield commutation relation as in (jll.Op . 

Double exotic limit 

Here we take the limit, 

c — )• 00 , i^i — )■ 00 , f 2 — >• 00, — TT— = — TT- = K = const . (11.18) 

The finite part of angular momentum is now, 

J = CijX^P, + + + ^ + ^ (Hi. + n^.) . (11.19) 

The Galilei boosts are, 

ICi = mxi - tPi + -eijV^ + -€ijV2j (11.20) 

where the v operators are defined analogously to (jll.2p . and the labels A indicate the depen- 
dence on the corresponding oscillator. In particular, here we have 6^ and = b'^b'^, as in 
(j9.37p . Note that this double exotic limit is symmetric in both oscillators. Hence, we obtain. 



Qi± = limc,i,i^oo —;=Qi± = ±2iy/mcf, (11-21) 
Qai = hmc,,y2^oo^Q2± = ±2i^/mRi cf , (11.22) 



which are those in Eqns. (|10.2ip and (|10.8p respectively. 



12 Discussion and outlook 

In conclusion, we review our main results and hint at some open problems which could be 
worth of further study. 

Our universal covariant vector equations describe massive spinning particles in 2 + 1 di- 
mensions. The Poincare spin, a pseudoscalar, can take arbitrary real values. The equations fix 
themselves the type of the representation of the (2+l)D Lorentz algebra: only so(2, 1) repre- 
sentations bounded from below or from above (or from both sides) are allowed. Depending on 
the spin parameter, q, our equations describe three classes of particles, namely 
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a) Bosons/Fermions : a = —j, 2j = 1, 2, . . ., 

b) "Unitary" anyons : a > 0, 

c) "Non-unitary" anyons : —j<a< —j + 1/2. 

Case a), based on finite-dimensional non-unitary representations of the so (2, 1), reproduces, 
for a = —1/2,— 1,-3/2 the Dirac, Deser-Jackiw-Templeton, and Rarita-Schwinger theories, 
respectively. For a = —2, our theory provides us with the linearized equations of massive 
gravity. More generally, complete correspondence with the 2-1-1 dimensional Dirac-Fierz-Pauli 
equations [46] is expected. 

Then, we investigated two types of anyons. Both involve infinite-dimensional half-bounded 
representations of the (2-|-l)D Lorentz algebra. The first type, which corresponds to unitary 
representations [case b) above], has been widely used in the anyon context since the beginning 
[13 \ \14\ [T5]. The second type [case c)] is associated with non-unitary representations. No at- 
tention was paid to them in earlier investigations on anyons. We argue, however, that precisely 
these new- [and not the conventional] types of fractional spin particles do correspond to the 
intuitive picture, in which anyons interpolate between bosons and fermions. 

The essential difference is that when the parameter a tends to a (half) integer —j, the higher 
field components ipnix) with index n > 2j are, for the new type, suppressed by the universal 
numerical factor (a -|- j)^/^. Note that no such a suppression happens in the conventional, 
unitary case. As a result, in the limiting case a = —j, such an anyonic field reduces to a 
usual (2j -|- l)-component field of spin modulus |,s| = j. The spin zero case then also can be 
incorporated into the theory letting a — )• for non-unitary anyons. 

The physical difference between the two types of anyons could, perhaps, be revealed when 
interactions are switched on. 

The extended formulation of the theory, presented in Section El generalizes the Jackiw-Nair 
[13) and the Majorana-Dirac descriptions of anyons. Our framework allows us to combine 
several irreducible representations of the Lorentz algebra, "entangled" by Eqn. ()5.3p . whereas 
spins behave additively. Usual bosons and fermions can be obtained, in particular, as entangled 
anyons. The topologically massive vector gauge field of Jackiw-Deser-Templeton [3] can be, for 
example, viewed as a pair of entangled Dirac particles. 

It would be interesting to apply such a picture to quantum computing [47] . 

Promoting the parameter a to a diagonal operator a = diag (a, a + 1 /2) and taking the 
direct sum of two irreducible representations of so(2, 1) provided us with an = 1 supersym- 
metric system. It is described, on-shell, by the usual super-Poincare algebra. 

The natural question is, then : what kind of symmetry will appear if the elements of a 
are shifted by n/2 with n integer greater than 1 ? One can expect that such a theory will 
be characterized by a kind of generalized super symmetry, with spin-tensorial supercharges 
[481 B9l [50], which, on-shell, would generate a nonlinear generalization of the usual N = 1 
super-Poincare algebra [35l[5T]. 

In the simplest form of the extended realization two Lorentz spin vector generators are 
added; this also allows us to generalize the N = 1 supersymmetry to = 2, see Section [8] for 
details. 

The extended formulation can further be generalized by adding an arbitrary number of the 
vector spin generators, J'^ = Yli'^i^\ with each jj^^ belonging to one of the representations 
P+ (or T>~ ) from (j2.19p . Choosing fi = J^i'^d)' finds then that the basic vector set of 
equations splits into a set of vector equations, while the irreducibility equation (j2.10p produces 
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an entangling equation which generahzes (j5.3p . 

= 0, ^(J«J(^') +a(,)a(,-))^ = 0. (12.1) 

i>j 

Each jj^^ can be promoted to an even generator of the osp(l|2) superalgebra, reahzed in terms 
of an independent reflection-deformed oscillator with appropriately chosen parameter In 
this way, extended supermultiplets of anyons, or of bosons and fermions could be obtained. 

Considering two types of non-relativistic limits to the relativistic theory, we observed how 
either the usual centrally-mass-extended, or the doubly centrally extended "exotic" Galilei sym- 
metries appear. Their Schrodinger-type conformal extensions for arbitrary (including anyonic) 
spin, and also for supersymmetric generalizations could also be studied. 

It would also be interesting to derive our basic vector equations from an action princi- 
ple. A nontrivial point is that the three equations of our system are dependent: any two of 
them generate the third one as consistency (integrability) equation. This indicates that the 
corresponding action should have a kind of gauge symmetry, analogous to the Chern-Simons 
formulation of topologically massive gauge fields [3]. An additional indication in this direc- 
tion is the appearance of an infinite-dimensional null subspace in the extended formulation. 
Analogous null subspaces also appear, in fact, in covariant quantization schemes of relativistic 
strings, and are associated with gauge (diffeomorphism) symmetries. 

In our unified scheme, all irreducible massive representations of the 2+1 D Poincare group 
have been obtained. Does this theory have an analog in higher dimensions? This question 
directs us towards theories with arbitrary spin fields. For instance, to strings, or to higher spin 
theories |52j . 
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de Santiago de Chile, respectively, for hospitality. Partial support by the FONDECYT (Chile) 
under the grant 1095027 and by DICYT (USACH) is acknowledged. MV was supported by 
CNRS postdoctoral grant (contract number 87366). 

A Finite-dimensional representations of 05p(l|2) 

A.l osp(l|2)-supermultiplet (a+ = —1/2, a_ = 0) 
Here = —3 and r = 1. The finite-Fock space, T = Fj^ © J-l, is 




(A.l) 



The reflection operator and projectors take the form, 

R = diag {I, -1,1) , Ii+ = diag {I, I) , n_ = diag (0, 1, 0) . (A.2) 

The matrix form of the osp(l|2) algebra is obtained from ()6.22p ~ (j6.25p . (I6.15P and (j6.16p . 

/O 00\ /0f\/2 0\ 

a+ = iV2 , a" = \/2 , (A.3) 
\0^/20/ \00 0/ 
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Jo 



-1/2 

1/2 



J+ 




J- 




(A.4) 



The representation ()A.4p of the Lorentz algebra is reducible. The spin — q+ = j = 1/2 part is 
projected from (IA.4P to 



J, 



(+) 



-2^3, 



J- 



(+) 



2 



J, 



(+) 



3 

'4 



(A.5) 



where Oa-, a = 1,2,3, are the Pauli matrices. These operators act on the vector space Tj^ 
formed by 



|0)_ 



(+) 



7' are Dirac matrices that satisfy the Clifford algebra (j6.10p . They are related to 



-2J; 

the Majorana representation (|6.9p by the unitary transformation. 



la 



u 



^(cx. + aa). 



(A.6) 



The Lorentz algebra <\AA\} projected to the spin a_ = subspace is trivial, jji ^ = J^Ii 
0. It leaves invariant the scalar, one-dimensional subspace J-"- = {|0)_}. 

A. 2 osp(l|2)-supermultiplet {a+ = —1, = —1/2) 
Here 1^ = —5 and r = 2. The finite-Fock space is = J-+ © J--, 
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1 









T- = < 
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Vo/ 




Vo/ 





(A.7) 



(A.8) 



The reflection operator and projectors take the form 

R = diag (1, -1, 1, -1, 1) , n+ = diag (1, 0, 1,0, 1) 
The osp(l|2) matrix algebra is generated by 



n_ = diag (0,1,0,1,0) 



(A.9) 



/ \ 

2i 

0^/2 

i\/2 

V 2 / 



f 2i \ 

\/2 

i\/2 
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V / 



(A.IO) 
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Jo = diag {-1,-1/2,^,1/2,1), 
000\ /00i^/2 00\ 



i 

i^/2 



0/ 



(A.ll) 
(A.12) 



/ 



f^/2 00 , J-= 00 

i 
V0 0i\/2 00/ \00 

Projection to the odd subspace of spin — a_ = j = 1/2 produces a representation with the 
same matrix elements as in (1X5]) but now acting on 



|0)- 



II) 




1 part is projected to 




- — 




-1 



which act on the vector space F+, 
|0)+ = 






()A.14p is related to the adjoint representation of so(2, 1) 



by means of the unitary transformation 

J(+) = UJ^Ul 
The explicit matrix form of ()A.16P is 



fi,iy,X = 0,1,2, 



m2 



U 




1 

iV2 






-1 i 



(Jo) 




-i 

-i 




(A.13) 



(A.14) 



(A.15) 



(A.16) 



(A.17) 



(A.18) 
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